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1.  Introduction 

It  was  the  purpose  of  this  project  to  provide  the  tools 
which  allow  efficiency  comparisons  betv/een  fuze-related  two 
and  three  pass  step-up  gear  trains  of  different  tooth  geome- 
tries which  are  subject  to  operation  in  a spin  environment. 

To  this  end,  mathematical  models  of  such  gear  trains  with 
both  involute  and  ogival  (circular  arc)  tooth  shapes  have 
been  developed.  These  models  allow, by  way  of  moment  input- 
output  relationships,  the  determination  of  point  and  cycle 
efficiencies  of  the  gear  trains.  Pivot  friction, partly  due 
to  the  centrifugal  forces, is  considered  in  addition  to  tooth- 
contact  friction,  all  models  allow  a wide  variety  of  para- 
meter chancres. 

Various  appendices  of  this  final  report  contain  the  deri- 
vations of  the  moment  relationships  together  with  all  asso- 
ciated work  on  pivot  friction, geartooth  geometry  and  direct 
contract  mechanism  kinematics.  The  following  section  gives  a 
summary  of  this  v/ork.  (There  are  no  Appencices  C or  F), 


2 . Summary  of  V.  ork 
Appendix  A 

Appendix  A furnishes  the  background,  as  well  as  gives  the  de- 
rivations, for  the  moment  input-output  expressions  for  two 
and  three  pass  step-up  gear  trains  (where  in  each  mesh  the 
gear  is  the  driver)  with  involute  teeth  and  unity  contact  ratio. 

Section  1 shows  the  development  of  a sign  convention  for  the 
direction  of  the  contact  point  friction  force,  it  is  based  on 
the  direction  of  the  relative  velocity  between  the  contact 
points  on  the  pear  and  pinion  teeth.  Section  2 pives  a dis- 
cussion on  how  to  deal  with  the  normal  and  friction  forces 
at  the  pear  and  pinion  pivots  of  single  and  multiple  mesh 
trains,  section  5 shows  the  application  of  the  above  results 
to  the  moment  input-output  analysis  of  a sinple  mesh.  The 
frame  is  assumed  station;  ry  for  this  case  and  the  external  loads 
are  confined  to  the  drivinp  input  moment  and  the  equilibrating 
output  moment. 

The  basic  ereometry  of  the  three  pass  step-up  pear  train, 
mounted  on  a rotating  fuze  body, is  formulated  in  section  A 
for  subsequent  use  in  the  moment  input-output  analysis.  Force 
and  moment  equilibria  of  the  individual  component  pears, which 
also  account  for  the  centrifugal  forces,  lead  to  the  desired 
expression.  Section  5 pives  a similar  derivation  for  a two 
pass  step-up  gear  train  with  involute  teeth.  In  order  to  be 
able  to  continuously  compute  the  moment  relationships  for  these 
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trains ,a  method  for  determining  the  simultaneous  locations  of 
the  contact  points  of  all  the  meshes  had  to  be  worked  out. 

Such  a method  is  given  in  section  6 together  with  certain  an- 
gular relationships  of  the  pivot  locations  on  the  model  fuze 
body. 

it  is  to  be  noted  that t the  kinematic  relationships  in  invo- 
lute gear  trains  are  relatively  simple, when  compared  to  those 
in  ogival  trains,  because  of  the  constant  transmission  ratio 
and  the  invariant  direction  of  the  line  of  action  in  each  in- 
dividual mesh. 

.appendix  B 

To  avoid  the  severe  undercutting  of  pinions  which  generally 
is  associated  with  step-up  gear  meshes, it  is  necessary  to  use 
non-standard  involute  gearing.  Appendix  B shows  both  the  theory 
as  well  as  all  necessary  steps  for  the  design  of  unequal  adden- 
dum gears  and  pinions  of  unity  contact  ratio,  in  addition, a 
numerical  example  is  given. 

Appendix  D 

This  Appendix  describes  the  geometry  of  an  ogival  tooth  in 
which  each  side  of  the  tooth  profile  has  a circular  arc  blending 
tangentially  into  a radial  straight  line  flank.  The  basic 
tooth  nomenclature  is  defined  and  methods  for  determining  the 
required  tooth  parameters  are  given. 

Appendix  E 

section  1 of  Appendix  E gives  all  necessary  kinematic  deri- 
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vations  for  a single  step-up  mesh  v'ith  ogival  teeth.  The  motion 
of  an  omival  mesh  consists  of  two  phases.  On  first  contact,  the 
circular  arc  portion  of  the  driving  pear  tooth  makes  contact 
with  the  circular  arc  portion  of  tno  driven  pinion  tooth.  Later 
in  the  cycle, and  up  to  the  point  of  final  disengagement,  the 
circular  arc  portion  of  the  gear  tooth  contacts  the  straight 
line  portion  of  the  pinion  tooth.  ‘Phase  pha:  es  of  motion  were 
named  ’’  round  on  round  ’’  and  ’’  round  on  flat  *’  respectively. 
Lquivalent  four  link  mechanism  models  were  used  for  both  re- 
gimes to  obtain  expressions  for  the  pinion  output  angles, for 
transition  angles, for  output  angular  velocities  and  for  contact 
point  relative  velocities,  in  addition, a sensing  expression 
was  developed  which  allows  the  computer  determination  of  that 
position  of  a given  mesh  at  which  the  subsequent  mesh  comes 
into  engagement,  (because  of  the  variable  transmission  ratio 
of  ogival  meshes, there  is  only  one  set  of  teeth  in  contact  at 
any  one  rime). 

becuion  2 of  this  Appendix  shows  derivations  of  moment  in- 
put-ourput  expressions  for  both  phases  of  contact  of  a single 
ogival  mesh.  Again, while  pivot  friction  is  considered  in  addi- 
tion to  contact  friction, the  frame  is  assumed  to  be  scationary 
for  this  single  mesh. 

Appendix  G 

when  one  considers  the  kinematic  relationships  of  ogival 
me; hes  which  are  mounted  on  a fuze  body  as  parts  of  two  or 
three  pass  step-up  trains, it  becomes  necessary  to  account  for 
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the  relative  positions  of  the  individual  meshes  on  the  fuze 
body.  Appendix  G gives  the  appropriate  derivations  for  each  of 
the  three  meshes  of  a three  pass  train.  The  model  of  the  fuze 
body  is  identical  with  that  used  for  involute  step-up  trains. 

Appendix  K 

This  Appendix  shows  the  derivations  of  moment  input-output 
expressions  for  two  and  three  pass  step-up  gear  trains  with 
ogival  teeth  which  must  operate  in  a spin  environment. 

Because  of  the  increase  in  rotational  speed  associated  with 
each  tooth  mesh, increasingly  more  sets  of  teeth  will  come  into 
engagement  in  the  second  and  third  meshes  as  one  set  of  teeth 
moves  through  one  complete  contact  cycle  in  the  first  (i.e. 
the  input)  mesh.  With  two  phases  of  motion  for  each  mesh, there 
will  be  eight  contact  combinations  in  a three  pass  train, 
bection  1 of  Appendix  H gives  a derivation  for  the  moment 
input-output  expression  of  each  of  these  eight  cases. 

bection  2 shov/s  similar  work  for  the  four  contact  combinations 
which  are  associated  with  two  pass  step-up  gear  trains  with 
ogival  teeth. 

Both  analyses  account  for  the  effects  of  the  centrifugal 
forces. . 
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APPENDIX  A 


STEF-oP  G-NAP  TPAINS  WITH  INVOLUTE  '.NTH 

1 . DIRECTION  OF  INlbTION  FQ3CE  AT  TOOTH  TO  TCOTN  CONTACT 

Figure  A-1  uses  the  base  circle  - line  of  action 
configuration  of  an  involute  mesh,  in  wnich  the  gear  drives 
the  pinion,  to  determine  the  direction  of  the  friction  forces 

at  the  contact  point  C before  and  after  the  contact  point 
passes  through  the  pitch  point  P.  The  distance  d represents 
the  length  of  the  line  of  action  between  base  circle  tangent 
points  L and  L'.  The  length  a measures  the  distance  of  the 
contact  point  C from  point  L along  the  line  of  action. 

Further:  0 - actual  (rolling)  pressure  angle 

P,  = gear  base  radius 
r^  = pinion  base  radius 

The  friction  force  of  the  pinion  tooth  on  the  gear  tooth, 
for  example,  will  have  the  direction  of  the  relative  velocity 
V„  /r  of  the  contact  point  C of  the  rinion  tooth  with  respect 

Vcs  p 

to  the  coincident' contact  point  C.  of  the  gear  tooth.  (The 

L> 

friction  force  of  the  gear  tooth  on  the  rinion  tooth  has 


A-1 


- 


the  opposite  direction.)  This  relative  velocity  changes  airectio 


at  the  pitch  point,  where  it  becomes  instantaneously  zero. 


Figure  A-la  shows  contact  before  the  pitch  point  (during 


approach) . To  obtain  the  direction  of  the  relative  velocity 


Vp  ,n  by  a graphical  analysis  one  makes  use  of  the  velocity 

? o 

equation: 


V„ 

M 


P 


( A—  1 ) 


where 


= velocity  of  point  on  pinion  tooth  with 

direction  normal  to  line  0 - C 

n 


s 

x 


relative  velocity  between  point  and  point 

C _.  The  directicn  of  this  velocity  is  normal 
b 

to  the  line  of  action. 

velocity  of  point  Cf,  on  gear  tooth  with 

O 

direction  normal  to  line  0-  C.  The  magnitude 

N 

of  this  velocity  was  arbitrarily  chosen. 


The  graphical  construction,  according  to  hqu.  (A1),  shows 

that  7„  Jn  has  -the  directicn  ornosite  to  that  cf  the  unit 

P b 

vector  shown  at  point  0,,.  As  stated  earlier  this  represents 


the  friction  force  on  the  gear  tooth  during  approach. 

Figure  A-lb  shows  the  saiae  graphical  analysis  for  contact 
during  recess.  Once  the  pitch  point  is  passed,  both  the 
relative  velocity  V„  ^ and  the  friction  force  of  the 

P O 

pinion  on  the  gear  have  the  direction  of  the  positive  unit 
vector  n0. 


A-4 


force.  The  friction  force  F^  = m acts  such  that  the  clockwise 
rotation  is  opposed  by  a resulting  counterclockwise  moment . 

N may  be  resolved  into  the  coraoonents  F and  F . The  associated 

x y 

x and  y components  of  the  friction  force  are  nF  and  n?  , respectively, 

The  directions  of  the  components  of  I:  and  F - are  drawn 
in  the  same  manner  in  Fig.  A-2b  in  a somewhat  more  convenient 
representation.  ,Yhen  the  direction  of  the  external  resultant 
force  .7  is  not  known,  contact  is  possible  anywhere  on  the 

periphery  of  the  bearing  and  the  components  F and  F of  the 

x y 

normal  contact  force  cannot  be  drawn  with  certainty  in  the 
free  body  diagram.  The  direction  of  the  friction  components 


Figures  A- pa  and  A-pb  show  two  general  possibilities  of 
drawing  the  free  body  diagram,  of  a pivot  which  rotates  in  a 
clockv/ise  direction.  In  either  case  the  moments  of  the  friction 
component,  oppose  the  rotation  w..ile  F and  F may  be  positive 
or  negative.  Assume  now,  for  example,  that  Fig.  A- pa  snows 
the  wrong  direction  for  F and  that  the  solution  of  the 

—r 

applicable  e .uwli'r.riun.  equation  will  reverse  the  sign  of  F • 

This  wil . automatically  reverse  the  sign  of  the  friction 
component  ^Fx  Iso.  Since  contact  is  now  made  on  the  opposite 
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a . b . 

FIGURE  A-3  HCiiaNTS  DU 3 TO  FRICTION  COMPONENTS 
A L. , AYS  OPPOSE  MOTION 

side  of  the  ivot,  the  correct  sign  of  the  friction  component 
is  automatically  assured. 

The  total  friction  .-moment  then  is  oppressed  by: 

(A-2)‘ 

where  p is  t. e pivot  radius.  The  sign  of  the  above  is  chosen 

such  that  the  rotation  is  opposed.  In  case  that  Fx  and 

contain  required  terms  that  cannot  be  factored  out  of  the 

square  root  of  equation  (A-2),  the  friction  moment  is  conservatively 

overstated  by  the  use  of  the  absolute  values  of  and  F ; 

x a 


f 
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U-ia) 


Hf  = l"(|Fx|  + lFy|) 

If  the  expressions  for  F and  F consist  of  sums  of 

x y 

positive  and  negative  terras,  then  F and  F are  presented  as 

x y 

the  suras  of  the  absolute  values  of  these  terras.  A conservative 
pivot  friction  moment  becomes,  similar  to  equation  (A-3a): 


The  tildas  represent  the  suras  of  the  absolute  values  of  the 
component  terms. 


A -8 


•q.v i::.  tt-cutput  reiat;' cecei.  for  single  step-up 


pear  eesh  vi th  i;; volute  teeth 


Figure  A- 4 shows  free  body  diagrams  of  the  gear  and  the 
pinion  of  a single  mesh  where  the  gear  is  driven  by  a 
counterclockwise  input  moment  . It  is  desired  to  find 
the  equilibrating  output  moment  M . 


a.  ;:;i?  vectors 


The  unit  vector  directed  fro  point  o..  to  point  L i: 


given  by: 


sir.0i  + co.;0j 


(A- A) 


where  0 represents  the  actual  pressure  angle,  regardless  of 
toots  modification.  The  unit  vector  directed  along  the  line 
of  action  from  point  L to  point  L*  is  given  by: 


n , = -cosfli  + sinflj 


(A-5) 


1 


a::d  sig;;uh  cesvazTio. 


x and  y components  of  normal  force  acting  on 
gear  pivot 

friction  force  components  acting  on  gear 
pivot.  Directions  chosen  tc  result  in  friction 
moments  which  oppose  motion.  (See  part  2). 
x and  y components  of  normal  force  acting  on 
pinion  pivot. 

friction  force  components  acting  on  pinion  pivot 
coefficient  of  friction. 

normal  contact  force  between  gear  and  pinion. 

The  force  of  the  pinion  on  the  gear  is  ( - ) "c"nrt _ , 
while  the  normal  force  of  the  gear  on  the  pinion 
becomes  V 

tooth  contact  friction  force.  The  analysis  in 
Section  1 shows  that  the  friction  force  of  the 
pinion  on  the  gear,  before  the  pitch  ;oint,  acts 
in  the  direction  of  (-)n^.  Therefore: 

friction  force  on  gear  with 
= +)  for  a < L?  (approach)  (A-6) 


? O S fl 


■r  sin  i) 
c 


iis?  shin  - F„.. 

C Alt 


/i.gF  cost)  + F 
c y i\ 


= 0 


M ?XA.r  = 0 


( A- 11 ) 


U-12) 


r 


Equation  (A- 10)  becomes 


m 


“ P M p 


4 


p p 

1 ...  + r . 

V * r 

A-«  J * 


- Vc  * ',saFc  = 0 


(A-13) 


Simultaneous  solution  of  equations  ( A— 11)  and  (A-12)  for 
F„,-  ar.d  ? „ gives: 


(1  - p s)cos0  - p(1  + s)sin<? 


(A- 14) 


1 + p 


xna 


= r 


(1  - p s)sinj  + p(1  + s)cose 


(A-15) 


1 + p‘ 


V.'hen  tie  above  expressions  are  substituted  into  the  moment 

equation  ( A— 13)  and  if  one  notes  that  s'~  always  equals  +1, 

the  following  expression  for  F is  obtained: 

c 


'in 


+ p (p„ j - as) 


(A- 16) 


A- 14 


Equations  (A-1?)  and  (A -20)  are  now  solved  simultaneously 


for  ? and  ? . This  gives 

an  yn 


xn 


and 


(1  + m s)cosfl  + m ( 1 - s) sinfl 
1 + m2 


( A-22 ) 


(1  + s)sini9  - il  ( 1 - s) cos  n 
1 + v-d 


(A-23) 


Equations  (-22)  and  (A-23)  are  then  substituted  into 
the  moment  equation  (A-21).  This  furnishes  the  following 

p 

expression  for  the  normal  contact  f:rce  ( Again,  s always 

equals  +1.) 


- nip 


/n  + s(d  " a)] 


(A-24) 


r 


L 


e.  MOMENT  INPUT-OUTPUT  RELATIONSHIP 


The  equilibrant  moment  H /nay  oe  expressed  as  a function 
of  the  input  moment  after  equations  (A-lS)  and  (A -24) 
have  been  set  equal  to  each  other.  Thus, 


‘ ;ir.  \ 

[ 

lrb  - ' 

f'n  + s< 

- a) 

} 

h + *[ 

p r - sa 

(A-25) 


The  input-output  relationship  may  also  then  be  expressed  in  terms  of 


(A-26) 


/‘[p.j  + s(d  - a)J 


r. 


v/uere 


1 + 


( f‘  - - 3a) 


and  represents  cue  efficiency  of  moment  transmission  of  a 
si;  To  sto  -up  .. ?sh  with  involute  teeth. 
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'EI.ATI0N3III?  'OR  TIIRF.E  3TEF-UP  GEAR 


ai::  in  spin  environs 


Figure  A- 5 shows  the  basic  configuration  of  the  three 
step-up  jear  train  for  which  the  relationship  between  the 
equilier-nt  output  moment  acting  on  pinion  4,  and  the 

input  Moment  » actinp  on  pear  1,  is  to  be  found. 

The  body-fined  x-y  coordinate  system  has  its  oripin  at 


the  spin  axis  C of  the  fuse 
with  the  line  C-0, , where  0. 
input  pear-sin  rotor  combin 
repr  sent  the  pivot  axes  of 
pinion  no.  3»  and  i.icn  no. 


body,  and  its  x-.xis  coincides 
represents  the  pivot  axis  of  the 
ation.  Points  0,,  0-  and  0 

C.  J *-f 

pear  and  pinion  no.  2,  pear  and 
4 respectively.  Further, 


- 

31  — l <-t 

uce  from 

the  spin 

axis  to 

the 

various  pivot  axes_ 

abi 

= 

03SQ 

radii  of 

pears 

* bi 

= 

base 

radii  of 

.inions 

O 

fJ\ 

= 

an  vie 

between 

positive 

'.""‘1X10 

and 

line  of  centers  0,-0-j 

i cl 

fU 

— 

anple 

between 

positive 

X “*  ->  X i 3 

and 

line  of  centers  0--G, 

C. 

1 — ^ 

ft- 

- 

an  :1c 

between 

ositive 

x-axis 

and 

line  of  centers  C.-G, 

^ . 

y± 

= 

an  pie 

between 

positive 

x-axis 

ana 

lines  C-0., 
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basic:  configuration  for 
INVOLUTE  THREE  STEP-UP 
GEAR  TRAIN  IN  SPIN 
ENVIRONMENT 


*1 

pressure 

angle 

•(* 

mesh 

between 

no. 

1 

and  ■ ini on 

no. 

2 

9Z 

— 

pressure 

angle 

of 

mesh 

between 

ri*  , • r» 

no . 

2 

and  pinion 

no . 

0Z 

_ 

pressure 

angle 

r\  -f* 

X 

mesh 

b e tween 

gear 

21C  • 

3 

..nd  . inion 

no. 

1, 

-r 

To  obtain  tie  moment  input-output  relationship  of  the  total 
train,  the  input-output  relationships  of  the  individual 
components  must  first  be  obtained.  The  following  equilibrium 
nalyses  include  pivot  as  well  as  contact  friction  forces,  in 
addition  zo  lo  ,ds  due  to  the  centrifugal  forces  on  the 
individual  components.  The  directions  of  the  tooth-to- tooth 
friction  forces  is  chosen  according  to  the  rules  of  Section  1 
of  this  aspen  i::,  using  an  appropriate  signum  convention.  The 
direction  of  the  ivot  friction  forces  is  chosen  according 

avoid  difficulties  with  the  direction 

on  moment , equation  (n-5b)  will  be  used. 


to  Section  2 r.d, 


of  the  associated 


^ X - _ v 


a.  S.VJILIB^IUM  0?  FI  ill  ON  4 

Figure  A-o  shows  a free  body  diagram  of  pinion  4.  The 
contact  between  gear  3 and  pinion  4 is  shown  before  the  contact 
point  C,  has  cassed  through  pitch  point  P,.  The  unit  vector  n,. 

3 2 b4 

is  along  the  line  of  action  in  the  direction  of  the  contact 
force  of  the  rear  on  the  ninion. 


A-20 


The  unit  vector  normal  to  the  line  of  action  is  jive 

n...,  = 

io4 

cos 

(/3,  + 0 )i  + si n(/J-  + 0-)j 

^ J J 

The  contact 

force 

then  becomes: 
a 4 

F-,,  = 

n ” 

X*  - , 

y\ 

i*  • i 

_?4 

>4 

>4 

The  friction 

fore 

e of  gear  3 on  pinion  4 is  given  by 

'x34 

m33 

F-ri  nMzy. 
a4  N$4 

where  s , = 

+ 1 1 

for  contact  before  the  pitch  pair 

2 7 “ 

o, 

for  contact  at  the  ’.itch  point 

y 

3 3 = 

for  contact  after  the  pitch  point 

(oee  also  becnion 

1.) 

L 


w 


Moment  equilibrium  is  given  by  the  following  expression,  in 
which  the  pivot  friction  moment  is  expressed  according  to 
Equation  (A-3b): 


p , p(  F . 
4 x4 


+ 


b4"  34 


MS.(d 


3 


= 0 


(A-36) 


where  p represents  the  oivot  radius,  d,  is  the  length  of  the 
4 * ~ 3 

line  of  action  of  the  mesh  from  points  of  tangency  to  the  base 

circles,  a is  the  distance  on  the  line  of  action  from  the 
a 

gear  point  of  tangency  to  the  contact  point  C... 


Equation  (.-.-33)  gives  the  following  component  equations: 


, sin(/?~  + o .)  + ms-,?  , co s(h-  + px/  + T.cosv  + F„. 

:r  ? a g-4  ■ a a <4  + --4 


+ p?„,  = o 

J 4 


( A-37 ) 


coa(/?  + 0 ) + ms-,?  , sin(/?  . + 0.,)  + T,  siny, 

f -x  a a a4  a a 44 


+ mF„,  = 0 

x4 


y4 

(A-3S) 


A-24 


To  obtain  conservative  values  for  the  pivot  friction  noment 

in  equation  (A-3$)  according  to  equation  (A-3b)>  one  suostitutes 

the  largest  rcssible  values  for  F , and  F , . This  is  accomplished 

-W  / 4 

by  making  the  si gns  of  ?.  and  positive  and  by  using  the 
absolute  values  of  their  resoective  coefficients  in  Equations  (A-39) 


and  (-40).  Equation  (A-36)  then  becomes: 


b.  ESUILIuitlUM  0?  GFAP  A:.'D  FliTON  AFT  TO. 


Figure  A-7  shows  the  free  body  diagram  of  gear  and  pinion 

set  no.  3.  The  contact  ooint  C-,,  between  minion  4 and  gear  3 

P 

is,  as  shown  previously  in  Figure  A-6,  before  the  piece  point  Pz, 
The  normal  force,  along  the  line  of  action,  is  given  by:  (See 
equation  (a-29) . ) 


n,, 

p4  pu 


(A- 49) 


and  the  associated  friction  force  F~,  , is  riven  by:  (See 

J-4P 

equation  (A- 30).) 


1 f 43 


“33/a  * 34nN34 


(A- 50) 


The  unit  vectors  along  and  perpendicular  to  the  line 
of  action  of  gear  2 and  pinion  3 are  given  by: 


= -si n(/?;  - 0o ) i + cos(/?  - 0 ) j 


n.T-. , 
22  p 


= -cos(/?  ; - 0-,)  i - si n(/? , - 0o) 


A-27 


(A- 51 ) 


(A- 52) 


j*  —• 


The  contact  point  C,  between  gear  2 and  pinion  3 is  also 
shown  before  the  pitch  point  ?->  is  cassed. 


the  normal  contact  force  between  these  teeth  then  becomes: 


*23  " *23n2p 


(A- 53) 


The  associated  friction  force  is  given  by 


,lS2-  23n::23 


(A-54) 


where  sP  = +1  for  contact  before  the  pitch  point  p. 


0 for  contact  at  the  oitch  :oint  p 


for  contact  after  the  site n : oint  p. 


The  normal  forces  on  the  pivot  shaft  are  given  by: 


and 


( A- 55) 

(A-56) 


The  associated  pivot  friction  forces  are  represented 


by  (-),yy5i 


A-29 


md  (-)m?  ,j  for  the  indicated  direction  of  gear  rotation. 
-<0 

The  centrifugal  force  "Tr  on  the  assembly  is  given  by: 


.'here 


T3(c03'/3i  + oin-/3:) 


V a3 


mass  oi  ’01111  on  ana  ge: 


(A- 57) 


(A- 58a) 


(A58b) 


Force  equiliorium  is  given  by: 


• np:.  - /xs-7  - F,,n-. 

> O -O  54  g4 


A'3T-  -7,  n T - , 

^ 54  iU4 


. (cosy-i  + siny,J 

5 5 


ix7-l  - 7 i - m ? • i = 0 

75  y5J  ::5 J 


(A- 59) 


Moment  equilibrium  requires: 


oy 


/*  s a—.  ^ . “ r,  4 Mi->(dp  — aP ) ..*  P 

5 5 54  u3  4 2 2 2;> 


+ "yfo  * 45  = 0 


(A- 60) 


Tote  the  use  of  equation  (A-pb)  for  the  pivot  friction  ;oment . 


r . re orosents  the  nivot  radius  and  length  d0  is  the  length  of  the 
5 * 2 


A- 30 


lino  of  action  between  the  points  of  tanaency  to  the  base  circles. 

is  the  distance  along  the  line  of  action  from  the  gear 
point  of  tangency  to  the  contact  point  C~. 

The  component  form  of  equation  (A-59)  is  represented  by 
the  folio. . in  : two  exoressions: 


-7^zsin(/3-;  - o ) + 1^3,;  ., ,cos ( ft  . - <9  ,) 

-j  c.  a £ O <_  <_ 


Mp,  + o?) 


- "S^cosC/J,  + 0-)  + T^cosy.  + = 0 U-5l ) 


i1  y 


3 


o 


xni 


F-3  .cos(  fi~,  - 0_)  + m SpFp^oinC/Jo  - 5,)  + F-?,  cos(s  + 0-,) 

-b  £ £ £ £j  <-  c ;?<+  jj  y 

- ^.F^sinC/?.  + 03)  + T3siny3  - Fy3  - m ?„3 


= 0 


(A- 62) 


Si.nult  neous  solution  of  the  above  fcr  F - and  F - leads  to: 

”3  ya 


1 + M" 


(1  + M^s-,)  sin(/?  , - 0?)  + m(1  - s ?)C03(/!,  - 0 . ) 


T3['i3in> 


y , - cosy 

a 


x 34 


+ m ( 1 + s7) cog(/3  , + fl-) 

D J 


( 1 - a^s  )sin(/?~  + 0,) 


(A- 63) 


A-31 


equation  (A- 60)  .vith  consideration  of  the  pivot  friction 


sionent  according  to  equation  (A-5b) . This  gives: 


c 


SQ.UILI~.3IUM  07  C-EAP  AND  PINION  SET  NO.  2 


Figure  A-3  shows  the  free  body  diagram  of  gear  and  pinion 
set  r.o.  2.  The  contact  point  C?,  between  gear  2 and  pinion  3,  is 
again  shown  before  the  pitch  point  P,  is  passed.  (See  also  T'igure  A-7 
The  normal  force,  along  the  line  of  action,  becomes  with  equation  (a-7 


*32  ' 'i'w3n23 


(A-7 6) 


The  associated  friction  force  is  given  by: 


ns- 


,,nvrz 

-3  N23 


(A-77) 


The  unit  vectors  along  and  perpendicular  to  the  line  of  action 
of  gear  1 and  pinion  2 are  given  by: 


(A-7 8) 

(A-7?) 

The  contact  oint  between  gear  1 and  pinion  2 is  also 
shown  before  the  pitch  point  is  passed. 


sin(/?1  + 0,  )~ 


cos(«.  + 0,  ). 


and 


nN12  = cos(/?1  + 0j)i  + sin(/?1  + 0j)j 


A-34 


their  friction  moments  oppose  the  indicated  rotation 


The  centrifugal  force  on  this  pear  and  pinion  assembly 
is  given  by: 


T2  = T2(cosv2i  + siny,j) 

where  T2  = X2 
with 

m,  = mass  of  gear  and  pinion  set  no.  2 

force  equilibrium  is  given  by: 


( A- 34) 

(A-35a) 

(A-85b) 


+ 


MS. 


+ 


* 1 


flSV  I2n:;i2 


+ siny^j) 


j 


= 0 


(A- 8 6) 


foment  equilibrium  is  given  by: 

12 

= 0 (A-87) 


b2‘  23 


n v 3 


b2‘  1 2 " ,lo1  VU1  “ al  '* 

" MP2(*rx2  + ?y  2^ 


A-37 


Again,  equation  (A-3b)  is  used  to  account  for  the  pivot  friction 
moment.  p~  represents  the  pivot  radius,  d^  is  the  length 
of  the  line  of  action  between  the  points  of  tangency  to  the 
base  circles,  and  a^  is  the  distance  from  the  point  of  tangency 
of  the  gear  to  the  contact  point  . 

The  component  form  of  equation  (A-36)  is  given  by: 


r 2^sia(  /-2  “ ^ p ) — — o - • p sin  ( fi  ^ + d j ) 


^ s.  F.  pCOs(  ft.  + o.  ) + Tpcosy 


2W  V O I '-\  X 

2 x2 


= 0 


(A-88) 


-?P,co3(/}0  - flP)  - ,i  3pF?T3in(/?p  - tfp) 

h.  ) L.  i—  *— i f-  / *■—  i" 


' ! 2 c o s ( /’  i + ) 


+ /xstF.P3in(/3.  + 0,)  + TpSin  7- 

I I d I I d u 


P P ,,p 

A*— 


= 0 


(a- 39) 


Simultaneous  solution  of  the  above  furnishes: 


1 + iL  ‘ 


-fp  /i(1  - Sj  )cos(fij  + 0j)  - ( 1 + p s^si n(/ip  + (?1 


+ (?, ) 1 


, Ci sin y-,  + cos >2 

,,  f(  1 - ^ sz)s±n( /i2 


n (/?-,  - 0P) 

CL  CL 


,*(  1 + s2)  cos (/^  - tfOj  j 

I 

( A- ?0) 


A-38 


Now,  equations  ( A-90)  and  ( A— 91)  are  substituted  into  the 
moment  equation  ( A- 37 ) . V.'ith  consideration  of  the  pivot 
friction  moment  according  to  equation  (A-3b),  this  gives: 


-2 


+ l> S-jO. 


'2“2J  23  + rb2*  1 2 


“ ^31(d1  - a1)F12 


b2~  2j?  d 5 

?12^A11  + A?i)  + T2(A?2  + A1 5^  + F23(AI3  + A1 

= 0 


fLp 


xn  tne  aoove 


l1  1 


i(1  - a,  )sin(/?1  + »,)  + (1  + 'l^a1)C03(/ji  + w ) 


1 + **' 


L1 2 


sin  “ /icosy- 


i + 


A- 39 


■ a 


(A- 92) 


(A-93) 


( A— 94) 


Finally,  equation  (A-9 2)  is  solved  for  F 


r + rr  r 

’ ^ i * ^ r 


12 


-3~4  ' 


D-j 


.vnere 


*?b2  " ,l 


32a2  " p2(A13  + A16) 


^ cr  — 


,ip2(A12  + A^) 


°3  = r 


o2 


“ M 


(d,  — a , ) + P ^ ( A , , A,i) 


’1^1  “1  ' 2V  1 1 “1 4; 


(A-9 9) 


(.■-100) 


(A- 101 ) 


( A- 1 02 ) 
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l^UILIBRIUM  07 


GNA7 


NO.  1 


Figure  A-9  shows  the  free  body  diagram  of  gear  no.  1 , the 


input  gear. 


The  contact  point  C1  is  identical  with  that  shown  in 
Figure  A-8. 

The  normal  force  on  gear  no.  1 is  given  by:  (gee 
equation  (A-80).) 


(A- 103) 


The  associated  friction  force  is: 


*/lS 


r i2n:ii2 


(A- 104) 


The  normal  forces  on  the  pivot  shaft  are  given  by: 


(4-105) 


(A- 106) 


The  associated 


ivot  friction  forces  arc 


chosen  in  such  a 


direction  that 


their  moments  onpose  the  indicated  rotation. 


A-41 


2E — 


The  centrifugal  force  Tj  on  gear  1 is  given  by: 


T1  = V 


(A-107) 


where 


T1  = &lw  !n1 


m^  = mass  of  gear  1 


( A- 1 38a) 
(A- 103b) 


Force  equilibrium  is  given  bj 


”r12n12  ” i* ! ?n;.Ti  p + -ii  — + * 


’1-  12  ill  2 


xl ' 


"yi3  + ^yi1 


+ = 0 


(A- 109) 


Moment  equilibrium  is  found  from: 


-'b1712 


- jU 


’1a1 


12 


,v . + 

in 


lVfx1 


0 


( A- 110) 


The  form  of  equation  ( A- 3b)  is  again  utilized  to  obtain  the 
nivot  friction  moment . p.  represents  the  Divot  radius  of 

- I 

;ea: 


The  component  form  of  equation  (A-109)  becomes: 


-?12sin(j81  + 0,) 


and 


F 1 2COs(/ii  + # -J  ) 


M°1FipCOs(^  + # -j  ) “ ^-.-1  * 

= 0 


nr^'!  ' *]'  ~ rxi  T M fyi  + :i 


(A-1 1 1 ) 


Ms1?12sin(/?1  + 61,)  + F 


yi 


H r. 


= 0 


(A- 112) 


Simultaneous  solution  of  equations  (A-1 11)  and  (A-1 12)  furnishes 
the  forces  on  the  pivot,  i.e. 


12 


x 1 


(1  -m  s,)sin (/>’,  + f/,)  + m(1  + s.)co s(/f.  + 0.  ) 


1 + 


(A-1 15) 


r 


*\i?i2  " MSiari2 


••in  + M p 1 [?12(A17  + A19 


19)  + T1 ^ A1 8 + 


= 0 


A20^] 

(A-115) 


where 


L17 


(1  - M^s1)sin(/?1  + ) + m(1  + s1)cos(/?1  + 0^ ) 


( A- 11 6 ) 


A 


13 


1 + / 


(A- 11 7) 


‘19 


/‘(I  + s1)sin(/?1  + ) - (1  - p 3|  )coo(^|  + ) 


1 + p 


( A- 1 1 3 ) 


*l20 


1 + 


( A- 1 19) 


finally,  equation  (A-115)  is  solved  for  F^: 


'in 


12 


rn  r* 
*1  "6 


% 


( A- 1 20 ) 


where 


o 


( . 


■13 


+ a2Q) 


(A- 121) 


D,. 


lb1 


;1a1 


p1( 


(A- 122) 
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e.  INPUT-OUTPUT  HFIATICNONIP 

To  obtain  the  input-output  relationship  for  the  complete 
gear  train,  equation  (A- 120)  is  .o v;  equated  to  equation  ( A-99) 
This  furnishes: 


(Kin 


T1ch) 


(A- 123) 


Further,  the  above  is  equated  to  equation  (A- 7 2).  This 
results  in  the  following  expression  for  7-, : 


D2D3 

C2C4D4 


(;:in  * W - 


T > 


n f 

°2°4 


finally,  equation  (A-124)  is  equated  to  equation  (A-4o). 
"his  establishes  the  input-outnut  relationship: 


u1j2D3 


'2“4  4 


y t - r _ m n \ 

~ uin  M'V 


f)  T) 

> 1u2 

C-D, 

m .>  * 

> o 
'2% 

^ r 

2 

(A-124) 


( A- 1 25) 
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5.  FCMErT  INFUT-GUTPUT  RELATIONSHIP  FOR  i::VOLUTE  T'.VO  STEP-UP 
GEAR  THAI  IT  IN  SPIN  FirVIROSMZIIT 

Figure  A- 10  shows  the  basic  configuration  of  a two  step-up 

gear  train  with  involute  teeth  for  which  the  relationship 

between  the  equilibrant  outout  moment  M ,,  acting  on  ninion  3> 

oy 

and  the  input  moment  M.  , acting  on  gear  1 is  to  be  found. 

All  nomenclature  is  identical  with  that  used  in  Section  4 
in  connection  with  the  three  step-up  gear  train. 

Again,  the  general  relationship  between  input  and  output 
is  found  by  assembling  the  input-output  relationships  of  the 
individual  component  gears. 


a.  EQUILIBRIUM  OF  PISTON  5 


i 

1 


. 


Figure  A-11  shows  the  free  body  diagram  of  pinion  3. 
The  contact  point  C ^ between  gear  2 and  pinion  3 is  shown 
before  the  pitch  point  is  passed. 


A-47 


PINION 


As  inequation  (A-53)>  the  normal  force  between  the 
teeth  of  gear  2 and  pinion  3 is  given  by: 


?23  “ F23n23 


(A-126) 


The  associated  friction  force  is  given  by  equation  ( A- 54) , i.e. 


Ff23  = "mS2  F23nN23 


(A-127) 


where  s 2 = 

+ 1 , 

for 

contact 

before  the  pitch  point 

3 2 = 

0 , 

for 

contact 

at  the  pitch  point  P-, 

3 2 = 

-1  , 

for 

contact 

after  the  pitch  point  ?-, 

The  unit  vectors  in  equations  (A-126)  and  (A-127)  were 
defined  by  equations  (A-50  und  (A-p2)  respectively.  The 
normal  forces  on  the  pivot  shaft  are  given  by: 


' x3  r X31 


?y3  “ “ry3J 


A- 50 


(A- 123) 


( A- 1 29 ) 


As  in  equation  (A-57)t  the  centrifugal  force  on  the 
pinion  is  given  by: 


T-(cos  '(-A.  + siny^j)  (A-1J0) 

where 

T3  = I3uTrn3  (A- 131) 

with 

ra3  = mass  of  pinion  3 (A-132) 

Force  equilibrium  is  given  by: 


23 


n23  - /*  Gpir23n"23  + T3(c°s-'3i  + siny^j)  + Fy~i 


' VS3  ‘ ',?xp  = 0 


(A-l 33) 


Moment  equilibrium  is  obtained  from: 


Note  the  use  of  equation  (A-3’°)  for  the  pivot  friction  moment. 

represents  the  pivot  radius.  d,  is  the  length  of  the  line 
of  action  between  the  points  of  tancency  to  the  base  circles 
of  pinion  3 and  ^ear  2.  is  the  distance  alon^  the  line  of 
action  from  the  gear  point  of  tendency  to  the  contact  point  C^. 

The  x and  y components  of  equation  ( A— 1 33 ) are  piven  by: 


ir(/^p  o p ) + ^ ^ ^cOo(/h  h p ) T7COG  /-,  + * , 

J l-J  C.  3 3 X3 


“■£  ^ v/>  ^ c/  p 


ana 


- m F - = 0 , 

y;> 


(A- 135) 


Fp^cos (/*.,  - flp)  + ^s,F_?sin(,/?p  - 0O)  + T,sin'/,  - F,r, 

O ^ «-  3 0 - 3 3 J3 


' /lFx3  = 0 


(A-136) 


Simultaneous  solution  of  these  expressions  for  F - and  F 

>'o  y3 

furnishes: 


1 + ><- 


?23 j(  1 + sin(^2  “ 0 2) 


x3 


/usin'/,  - cos'/-. 


+ /<  ( 1 - s,)cos(/,S  - O) 


(A-137) 


i-52 


— 


and 


y3 


i + 


23 


+ T- 


(1  + m s^)cos(/?2  - 0 2)  + s2  " 1)sin(j»2  ~ 

sinv^  + m cos  | J ( A— 1 38 ) 


I'ow,  equations  ( A—  1 37 ) and  (A-133)  ore  substituted  into  the 
moment  equation  (A-134)  , with  the  pivot  friction  moment  liven 
according  to  the  formulation  of  equation  (A -3b): 


*'o3 


b3  23 


+ MS2(d2  - a2^P3  + ,1P 

= 0 


+ V + t3(a2  * 


V 


(A- 139) 


where 


(1  + /iu3,)cos(/!;i  - «2)  + 'l(s?  “ l)sin(jff0  - (?.,) 


1 + 


3inr7  + /*  cos'/, 


1 + /* 


(A-140) 


(A- 141 ) 


a3 


(1  + /‘^s-,) sin(/}-,  - fl-,)  + m(1  - sOcos(/J-,  - 07) 


1 + M 


( A- 1 42 ) 


A- 5 3 
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b.  EQUILIBRIUM  OF  GEAR  ALP  PINION  SET  UO.  2 


Figure  A- 12  shows  the  free  body  diagram  of  gear  and 
pinion  set  no.  2.  The  contact  point  CP,  betv/een  gear  2 and 
pinion  3 is  a;ain  shown  before  the  pitch  point  pP.  ',','ith 
equation  ( A— 126),  the  normal  force  between  the  tenth  of  thi; 
mesh  becomes: 


r32  = “*23n23 


(A- 147) 


The  associated  friction  force  is  the  negative  of  equation  (A-127),  i.e, 


3-  ’ 


(A- 148) 


3i. oil: r to  equation  (A-°0),  the  normal  force  between  gear  1 
and  pinion  2 is  given  by: 


F12  " ;12n1, 


(A- 143) 


(See  equation  ( A— 7-7 ) for  the  definition  of  the  unit  vector  n^.) 


a-55 


Figure  A-12  shows  the  contact  point  C,  before  the  pitch  point 
P,  is  passed. 

The  associated  friction  force  is  given  by: 


Ff  12  ' 

MS,? 

i2n:;i2 

(A- 150) 

where  s,  = 

+ 1 > 

for  contact 

before  the  Pitch  point  P, 

S1  = 

0 , 

for  contact 

at  the  pitch  point  P, 

S1  = 

-1  , 

for  contact 

after  the  pitch  point  P, 

The  unit  vector  n,,,^  is  given  by  equation  (A-79 ) • 

The  normal  forces  on  the  pivot  shaft  are  given  by: 


*x2 


and 


(A-  15D 


(A- 152) 


The  associated  friction  forces  mF  -i  and  -,i  were  chosen 

yd  xd“ 

such  that  their  moments  oppose  the  indicated  rotation. 

The  centrifugal  force  on  this  gear  and  pinion  assembly  is 
expressed  by: 


a 


^ . 


57 


T 2 = T2(cos',2i  + siny2j) 


where  Tp  = 


u2 


= mass  of  gear  and  minion  set  no.  2 


Force  equilibrium  is  given  by: 


(A-153) 

(A-154) 


(A-i 55) 


2n::i2 

‘ y 2 ^ ^ * m2  ^ 

(A- 156) 

Moment  equilibrium  is  given  by: 

rS2?12  “ ' = Adl  ' a1  ,?12 

- ,,2(fx2  * ry2)  = 0 (A-157) 

Again,  equation  ( A— 3 ) is  used  to  obtain  a conservative  pivot 
friction  moment.  p^  represents  the  pivot  radius,  and  a^ 

are  similar  to  the  previously  used  distances  along  the  lines 


"-o2?23 


p s^a^,,  + 

2 c.  2p 


'ZJ>n2J>  + 'iS2F23nM23 


+ F12H12  + ^IM 


+ T5(co3'/Pi  + sin'/pj) 


rx2X  + ,t*Hy21 


of  action  of  the  other  meshes 


The  component  form  of  equation  (A-1  56) ' becomes: 


?2^sin(/^2  ~ e»2)  - /iS2F23C0S  1 ~ 0 2)  + ?]23in0^  + «,  ) 

+ ms1F12cos(.81  + ff,)  + T2cosv2  - + mF  2 = 0 


(A-1 55) 


-?23cos(^2  * *2}  “ MS2?2Jsin(/7  - 83)  - ?I,cos(/])  + 0J  ) 

+ 'iS1?12sin(^i  + V + T2Giny2  - Fy2  - mF.^  = 0 (A-1 59) 


Simultaneous  solution  of  the  above  expressions  for  F and  F 

>:2  * y2 

jives: 


772  { "?12  fl(1  - 3t  )c°s(/?1  + 07  - 
+ T2^‘sin>2  + cos  73 

+ F25  [( 1 “ ^SgJsinO^ 


(1  + m s1 ) sin(/*  1 + 0.  ) 


/*  S2)sin(/J2  - 0 2 ) 


- f*(1  + s2)cos(/?2  “ ^ | 


(A- 160) 


A- 59 
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Now  equations  (A-loO)  and  (A-lol)  are  substituted  into  the 
moment  equation  ( A— 1 57 ) with  the  pivot  friction  moment 
formulated  again  according  to  equation  (A-3b): 


“Rb2F23  + MS2a2F2 3 + rb2F12  “ MS1(d1  “ a1)?12 

- #*f>2  fi2^A5  + A8^  + T2(A6  + A9^  + F23^A7  + •' 


A10) 


= 0 


(A-162) 


where 


s1)sin(/?1  + 9]  ) + (1  + m s])cos(fi]  + ) 

1 + ^ 


( A—  1 63) 


sinv2  - /*c  osy2 

TT7 


(A- 164) 


/i(l  + s2)sin(/?2  - f?2)  + ( 1 — /•  s2)cos(/?P  - 


1 + m 


m(1  - Sj)cos(,«j  + ) - (1  + /i  s1)sin(/?1  + ^ ) 

1 + ^ 


(A- 165) 


( A— 1 66) 


<“siny2  + cosy, 

1 + J“2 


(A-167) 


(A-168) 
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L10 


(1  - M^Sp) sin(/^2  - e2)  - /x ( 1 + s2)cos(/?2  - tfp) 

— - P 


1 + ^ 


Finally  equation  (A-1 62)  is  solved  for  F^: 


12 


F25C2 

D-> 


T2C3 


(A-1 69) 


where 


C2  ' Rb2  " M 


s2a2  " P2(A7  + A1(P 


C3  _ mP2(A6  + A9^ 


°2  “ rb2  " M 


(d1  - a] ) + f2(A5  + a3^ 


(A-1 70) 


( A- 1 7 1 ) 


(A172) 
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c.  EQUILIBRIUM  OF  GEAR  NO.  1 


Figure  A- 13  shows  the  free  body  diagram  of  gear  no.  1, 
the  input  gear. 

The  contact  point  corresponds  to  that  shown  in  Figure  A-12, 
According  to  equation  (A-149)>  the  normal  contact  force 
between  pinion  2 and  gear  1 becomes: 


*21  = "r12nl2 


(A-173) 


The  associated  friction  force  is  the  negative  of  equation  (A-150), 


i . e . : 


Ff 2 1 = ' MSr’l2nN12 


(A- 174) 


The  normal  forces  on  the  pivot  shaft  are  given  by: 


^xl1 


Kr  3 


A- 63 


(A-175) 


(A- 176) 


The  associated  friction  forces  and  mF^j  were  chosen 

with  such  directions  that  their  moments  oppose  rotation  due 
to  input  moment  M-  . 


The  centrifugal  force  Tj  on  gear  1 is  given  by: 


T1  = T, i ( A— 1 77 ) 


Note  that  equations  (A-180)  and  ( A— 1 8 1 ) have  the  same  forms 
as  equations  (A-109)  and  ( A— 110). 

The  force  component  expressions  are  the  same  as  given  by 
equations  ( A— 111)  and  ( A— 112),  and  their  simultaneous  solution 
for  the  pivot  forces  is  identical  to  that  given  by  equations  (A-113) 
and  (A- 11 4),  i.e. 


(1  - m )sin(/?1  + 6>1  ) + m(1  + s1)cos(/?1  + ) 


Ax1 


ana 


1 + ^ 


( A- 1 82 ) 


- 1. 


yi 


|m(1  + s^)sin(4}  + ) - (1  - m s1)cos(/?1  + ^ )~]  - 


1 + M 


(A- 183) 


Equations  (A-182)  and  ( A— 1 S3 ) are  now  substituted  into  equation  ( A— 1 8 1 ) 
according  to  the  method  of  equation  (A-3b): 


pblF12  " MS1 a1 F1 2 " Min  + 


,lp1  [;’l2^A11  + A13^  + ?1(A12  + A1 4 j] 


= 0 


(A-18U) 


A-66 


where 


k1  1 


(1  - m Sj  )sin(/?1  + (9,)  + m(1  + s1)cos(/91  + 0 ) 


1 + nc 


(A-185) 


‘12 


1 + 


( A— 1 S 6 ) 


ll3 


m(1  + s1)sin(/?1  + «1  ) - (1  - m s 1 ) c o s ( /? . + 

1 + M2 


(A- 187) 


rt1 4 


1 + S 


(A- 188) 


Finally,  equation  ( A— 1 34 ) is  solved  for  F • 

I d 


12 


m 


D, 


rp  r» 

1 1"4 


D3 


( a-139) 


■where 


m,,1(a12  + A14^ 


(A-190) 


D3  = Rb1 


slal 


p]  ^Ai  1 + a13^ 


( A- 1 9 1 ) 


A- 67 


d.  INPUT-OUTPUT  RELATIONSHIP 


To  obtain  the  input-output  relationship  for  the  complete 
gear  train,  equation  ( A- 1 S9 ) is  now  set  equal  to  equation  ( A— 1 69 ) . 
This  furnishes: 


(A- 192) 


The  above  is  then  set  equal  to  equation  (A- 144).  This  results 
in  the  input-output  moment  relationship: 


(A- 193) 
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6.  AUXILIARY  GEOMETRIC  AND  KINEMATIC  EXPRESSIONS  FOR  T'.VO  AIID 
THREE  STEP-UP  GEAR  TRAINS  WITH  INVOLUTE  TEETH 


a.  NOMENCLATURE  FOR  INVOLUTE  GEAR  TEETH 


R • , 

r . = 

pitch  radii 

pi’ 

pi 

pinion  set 

R,  • , 

r.  . = 

base  radii 

02.’ 

01 

pinion  set 

R . , 

r . = 

outside  rad 

01  ’ 

01 

ninion  set 

-i  th 


, th 


. th 


t h 

effective  pressure  angle  of  j mesh 


■r  . 


distance  from  spin  axis  to  pivot  of  i^a  gear  anc 
rinion  set 


b.  ANGULAR  RELATIONSHIPS  BETWEEN  PIVOT  HOLES 


Figure  A- 14  shows  the  angular  relationships  between  the 
lines  connecting  the  pivot  holes  as  well  as  the  spin  center. 
(See  also  Figures  A-5  and  A-10.)  The  following  serves  to 
determine  the  angles  and  /h  for  certain  combinations  of 
gears  and  pinions  as  well  as  spin  radii  71^. 


A-69 


A-72 


and 


8,  = cos 


-1 


(Rp3  + rp4}  + *3 


- <£ 


2^(SP3  + V 


ANGLES  (i. 

i 


V/ith  Equation  (A- 197) 


1 = ' “ 52 


Further,  with  Equations  (A- 194)  and  (A- 193) 


yp  + (»■  - 8-,) 


Finally,  with  Equations  (A- 195)  and  (A- 199) 


1 


(A- 199) 


( A-2C0) 


(A-201 ) 


c.  DETERMINATION  07  CONTACT  POINT  C 707  VARIOUS  ME3HE3 


Figure  A-15  shows  the  points  of  interest  along  the  _ine  of 

action  of  an  involute  gear  which  drives  an  involute  pinion. 

Points  L and  L'  are  the  points  of  tangency  to  the  base  circles 

of  radius  R,  and  r.  respectively  and  the  distance  d = LL'.  Initial 
b o 

contact  is  made  at  point  M,  where  the  line  of  action  intersects 

the  pinion  addendum  circle  of  radius  rQ.  Final  contact  corresponds 

to  point  N.  Here  the  line  of  action  intersects  the  gear  addendum 

circle  of  radius  P.  . 

o 

The  position  of  the  instantaneous  contact  point  C with  respect 
to  point  L,  i.e.  the  length  a,  is  expressed  with  the  help  of  the 
instantaneous  angle  « which  has  its  origin  at  the  line  O^L.  Then, 

a = LC  = Rb«  (A-203) 

computer  procedure  for  the  determination  of  the  in- 
stantaneous angle  a of  any  mesh  must  first  find  the  asso- 
ciated initial  and  final  angles  of  contact  a.  and  a~-  . 

m iin 

In  addition  it  must  contain  a method  for  incrementing  the 
angle  a.  The  following  shows  such  a procedure  for  each  of 
the  meshes  of  a two  pass  and  a three  pass  step-up  gear  train, 
together  with  a means  of  obtaining  the  signs  of  the  signum 
terns . 


A-74 


The  magnitude  of  the  increment  depends  on  whether  one 
deals  with  a two  step-up  or  a three  step-up  sear  train. 

Assuming  that  a two  step-up  train  is  involved  and  that  one 
vishes  to  compute  the  length  a?  of  mesh  2 ^ times  after  the  first 
contact,  the  angular  increment  a<*  das  the  magnitude 
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a«22 


2fin 


din 


(A-207) 


n- 


(The  second  subscript  refers  to  a two  step-up  configuration. ) 

Because  of  the  transmission  ratio  between  gear  sets  1 and  2,  the 
associated  angular  increment  of  gear  1 will  be  smaller  than  a<»~2,  i.e. 


A « 


12 


A <> 


22 


(A-20S) 


'•he  instantaneous  angle  « will  then  be  given  by 


<r , = a 


1 in 


+ ^ 1 2 ^‘*1 2 


(A- 20 9) 


and,  the  instantaneous  distance  a^  becomes: 


“ ^bl ^ n lin  + ^ 1 2Art1 2^ 


(A-210) 


In  the  above,  j j represents  the  number  of  times  the  angle  « . 
has  been  incremented.  mile  the  total  number  of  increments  depones 


on  the  length  of  contact,  the  incrementing  of  <t  1 comes  to  an 


mu 


when  n , > « , . This  also  corresponds  to  a complete  mechanism 

1 - I ixn 
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cycle.  Since  mesh  2 goes  through  F^/r^  tirnes  as  man7  cycles 
as  mesh  no.  1,  the  angle  «2  has  to  be  re-initialized  to  when 

«_  > , i.e.  after  K-,  increments.  (For  simplicity  it  is 

assumed  that  the  motion  starts  when  all  meshes  are  at  their 
initial  contact  angles  «^n.) 

When  a three  step-up  gear  train  is  involved,  one  must  make 
sure  that  enough  computations  are  made  for  mesh  3«  Assuming 
that  K-  increments  are  to  be  made,  one  obtains 


A a _ _ = 

JO 


( A-2 1 1 ) 


The  associated  angular  increments  for  meshes  2 and  1 then  become: 


in 


( A-2 1 2 ) 


A"13 


rb3  rb2 

A n X 

>3  n H 

*'b2  'bl 


(A-2 13) 


^or  this  case  the  instantaneous  distance  a^  becomes 


a1  = Rb1(  " 1 in  + Jl3A'>13) 


A-78 


(A-2 14) 


has  been  incremented  at  any 


i . stands  for  the  number  of  times 

0 1 l 

given  instant.  This  incrementing  again  ends  when  -"if -in* 

Meshes  2 and  3 are  re-initialized  to  i n an<^  «^n  as  01"^en  as 
is  necessary  to  complete  one  cycle  for  mesh  no.  1 . 

The  sign  of  s^  is  best  obtained  from  the  fact  that  at  the 
pitch  point 


LP 


1 a 


R, 


bl 


Kb1tang1 

"bl 


= tan  8 


then  for: 


< tan  (?, 


s 1 = +1 


= tan  0^ 


0 


(A-215) 


(A-216) 


> tan(M  : 


-1 


2.) 


MSS H OF  G5A3  2 AND  PINION  5 


Similar  to  the  previous  section: 


d2  = (Rb2  + rb3)tan^ 


2in 


(Rb2  + rb3)tan02 


- V 


r2  - r2 
o3  *b3 


d2 


2 fin 


->2 

V“o2 

Rb2 

'b2 


(A- 21 7) 


(A-218) 


( A-2 1 9 ) 


For  a 2 step-up  gear  train  the  instantaneous  length  a^  becomes: 

a2  = Rb2^rt2in  + ^22Aa22^  (.,-22  0) 

where  is  given  by  Aquation  (A-207)  and 

^22  = ^ ’ 2 ’ • • • * ^2  • 

'.'.'hen  > <x~.e.  it  must  be  re-initialized  to  <*_.  until  mesh  no.  1 

2 - 2 1 in  --  2m 

has  completed  its  full  cycle. 
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"1 

7or  a three  step-up  gear  train  the  length  a^  becomes: 

■i 

a2  = Rb2(ft2in  + j23A,,23)  (A-221  ) 

with  given  by  Equation  (A-212).  j.._  stands  for  the  number 

of  times  'nas  been  incremented  and  again  depends  on  the  length 
oi  contact.  He— initialization  follows  the  same  rule  as  given  above. 

The  sign  of  s^  is  obtained  as  follows:  (See  Equation  (A-215).) 

For 

< tan  ^2  : s2  = +1 

“2  = tan*2  : s2  = 0 (A-222) 

"p  > tan0->  : s_  = -1 

2 ' 2 2 


! 
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APPENDIX  B 


DESIGN  OF  UXXCUAL  ADDEND  UN.  INVOLUTE  GEAR  SETS  V/ITH  ST  AND  AND 

CENTER  DISTANCES 


One  of  the  ways  of  preventing  undercutting  in  pinions  with 
small  numbers  of  teeth,  which  must  mesh  with  gears  of  unequal 
and  larger  numbers  of  teeth,  is  to  decrease  the  pinion  dedendum 
together  with  the  gear  addendum  by  the  necessary  amount.  To 
maintain  standard  working  depth  for  such  a mesh,  the  addendum  of 
the  pinion  as  well  as  the  dedendum  of  the  gear  are  increased  by 
the  same  amount.  (This,  of  course,  presupposes  that  the  gear 
is  not  undercut  by  this  modification.)  This  can  be  accomplished 
without  any  change  in  the  standard  base  and  pitch  radii  or  the 
associated  standard  center  distance  by  "withdrawing"  the  hob 
during  the  cutting  of  the  pinion  and  feeding  it  "deeper"  when  the 
gear  is  cut.  In  this  way  the  pinion,  which  has  its  ousirie  radius 
increased  by  the  hob  withdrawal  distance,  will  have  a larger  than 
standard  circular  tooth  thickness  at  its  standard  pitch  circle. 

The  outside  radius  of  the  gear  is  decreased  by  the  same  amount. 
Because  the  cutter  is  fed  to  full  depth,  the  gear  tooth  thickness 
at  the  standard  pitch  circle  will  be  less  than  standard. 

The  following  gives  the  design  steps  for  this  type  of  gearing 
and  illustrates  them  by  way  of  an  example. 


3-1 


n 


■ cs 


V rP 


rb 


•T  f 
CS*  CS 


1.157 


number  of  teeth  of  gear 
number  of  teeth  of  pinion 


pressure  angle 
N 


2H. 


n 


n 


2r 


= diametral  pitch 


standard  circular  pitch  at  pitch  circle,  where  also 


■ cs 


pitch  radii  of  gear  and  pinion  respectively 

R cose  , base  circle  radius  of  gear 
P 

r cose  , base  circle  radius  of  pinion 
P 

°cs  , circular  tooth  thickness  of  gear  and  ninion 
2 


respectively  at  standard  pitch  circles 


standard  gear  addendum 


standard  gear  dedendum 
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p 


AVAL  DISTANCE  C 


DETERMINATION  OF 


Figure  B-1  indicates 
citch  radius  r , its  root 

p 

The  root  radius  is  formed 


the  relationship  between  the  pinion 
radius  r and  the  racl;  cutter  addendum 

Y* 

by  the  addendum  line  of  the  cutter 


tooth,  so  that 


r 


r 


(3-1) 


In  order  to  avoid  undercutting,  the  addendum  line  of  a sharp 

cornered  cutter  must  not  pass  below  point  L,  the  tangent  point 

of  the  line  of  action  and  the  base  circle  (see  Figure  3-2). 

The  minimum  root  radius  r becomes  for  this  case: 

rm 


— r» 


rm 


. co: 
o 


0 = 


2„ 

r cos  0 
F 


(3-2) 


When  the  rack  tooth  corner  is  rounded  off  with  a radius  r , 

c 

as  shown  in  Figure  3-3,  the  effective  addendum  line  of  the  cutter 

tooth  moves  un  the  distance  r (1  - sintf).  To  avoid  undercutting 

c 

with  this  type  of  cutter,  the  effective  addendum  line  must  not 
pass  the  base  circle  below  point  L in  Figure  B-2.  This  allows 
a reduction  of  the  minimum  allowable  root  radius  to: 


B-3 


Pitch  Line 


FIGURE  R-3 

RACK  CUTTER  WITH  CORNER  RADIUS  r (EFFECTIVE  ADDENDUM  OF  CUTTER  IS  DECREASED' 


r = r cos  6 - r (1  - sinfl) 

rmc  o c ' 


(3-3) 


By  common  usage  the  corner  radius  may  either  be 


.1  t 


.05  * 


(3-4) 


or  it  is  chosen  such  that  the  second  term  in  Equation  (3-3)  becomes 


r (1  - sin0) 


.157 


(3-5) 


(This  makes  for  an  effective  cutter  addendum  of  1/?..) 

cx 

Mob  withdrawal  becomes  necessary  if  the  root  radius,  obtained 
by  setting  the  cutter  to  standard  depth,  is  smaller  than  the 
minimum  given  by  Equation  (3-3).  Thus,  the  hob  withdrawal  C 
is  obtained  from  Equations  (3-1)  and  (3-3) > i.e.  : 


C = r 


rmc 


(3-6) 


7/ith  the  cutter  addendum  A = 1 . 1 57/PQ , and  using  the  expression 
of  Equation  (3-4)  for  the  rack  corner  radius,  Equation  (3-6) 
becomes: 
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r 


& 


TOOTH  THICKNESS  AT  OUTSIDE  AND  BASE  RADII  BY  IIIVOLUTOMETHY 


The  circular  tooth  thickness  at  an  arbitrary  radius  of  an 
involute  tooth  may  be  obtained  if  the  tooth  thickness,  radius, 
and  pressure  angle  of  any  other  location,  such  as  the  pitch  circle, 
are  known  together  with  the  pressure  angle  at  the  arbitrary 
radius.  |^3ee  Equation  (5-5) > PS*  80,  E.  Buckingham:  Analytical 
Mechanics  of  Gears,  McGraw-Hill  Book  Co.,  Inc.  New  York,  1945 .J 
Accordingly,  the  circular  tooth  thickness  t , at  the 
outside  radius  of  the  pinion,  may  be  obtained  from: 

2r  (I!!V«.n  - I NV 0 ) (3-12) 

O v,r 

where 

IN V0  = ta nil  - 0 , the  involute  function  corresponding  to 

the  pressure  angle  0 

0 = pressure  angle  of  mesh.  This  is  also  the 

pressure  angle  at  the  pitch  circle. 

r* 

»OC)  = cos”1  — , the  pressure  angle  associated  with  the 

o outside  radius  of  tne  pinion 


3-1 0 


Similarly,  the  circular  tooth  thickness  Tq  ai  the  outside  radiu; 
of  the  gear  is  obtained  from: 


T0_l  - 230(IiJV.oa  - Ii:v») 


(3-13) 


.’.here 


— 1 

cos” , the  pressure  an,~le  associated  with  the 

Ro  outside  radius  of  the  ;:ear 


The  tooth  thickness  at  the  base  circle  radius  of  the  modified 


pinion  is  piven  oy: 


;.  = t cos o + 2ruI IN  0 

o c b 


(3-14) 


.ms  becomes  ior  tne  sear: 


T,  = T coso  + 23,  IKV0 

be  o 


(B-15) 


JNITY  CONTACT  NAT 10 


The  expression  for  contact  ratio  [equation  4-1 9 , Pf . 72, 
Buckingham:  Analytical  Mechanics  of  Gears]  is  given  by: 


V COS  0 

' cs 


If  the  contact  ratio  of  a certain  mesh  is  larger  than  unity, 
one  wishes  to  reduce  it  to  unity  by  reducing  the  outside 


dius  of  the  pinion,  one  .nay  find  this  new  pinion  outside  radiu 


7.  EXAMPLE 


Let  it  be  required  to  design  a pinion  and  a gear  with  the 
following  specifications: 


Pd  = 44,  N = 42,  n = 8,  9 = 20° 


This  gives: 


D 

= .47727 

r = 

p 

.09091 

(all  in  inches) 

Rb 

= R^cos  20°  = .44348 

7 r 

r,  = 

0 

.03542 

^cs 

= = .07140 

44 

Tcs  = 

O O 

ucs 

.05570 

Ac  co 

rding  to  Equation  (3-7), 

the  hob  v/iti 

hdrav/al  C 

is  computed  as 

C = _ 

1 

44~ 

.09091 sin220° 

= .012095 

Then,  accord 

ing  to 

Equations  (3-8) 

ana  ( 3-9) : 

11 

0 

.09091 

+ .022727  + 

.012095  = .12573  " 

Ro  = 

.47727 

+ .022727  - 

.012093  = .48790  " 
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The  new  tooth  thickness  at  the  pitch  radii  are  found  with  the 


help  of  Equations  (3-10)  and  (3-11): 

t = .03570  + 2( .012093) tan20°  = .04450" 

c 

Tc  = .03570  - 2( .01 2093) tan20°  = .02689" 

For  the  purposes  of  the  present  analysis, the  pinion  outside 
radius  is  now  reduced  to  obtain  a contact  ratio  of  unity.  With 
Equation  (3-17): 

r^  = .110  ’ * (This  is  essentially  the  unmodified  pinion 

radius  of  . 1 1 3" • ) 


rv> 

0 

0 

I MV 

20° 

.01490 

-1 

cos 

.08542 

= 39.0509° 

I .TV 

39.0509°  = 

. 12969 

.110 

cos  ' 

. 44648 
.48790 

= 23.1889° 

nrv 

23.1889°  = 

.02365 

3-14 


Then 


■ 0445C 


.02639 


.09091 


/ .4:79  \ 
\ .47727  ) 


- 2 (.110  )(  .12969  - .0149)  = .02860 1 


- 2(  .4379)  ( .02365  - .0149)  = .01896” 


These  tire  sufficient  to  allow  for  rounding  off  of  the  teeth. 
Finally  check  that  the  gear  is  not  undercut.  The  actual 


root  raaius  oi  tne  gear  is: 


?.Q  - = .4379  - .04902  = .4539" 


The  mini  .urn  permissible  root  radius  without  undercutting 
according  to  Equations  (3-5)  and  (3-4)  is  computed  from: 


3 cos‘1 
P 


1(1  - sin  0)  = .47727  (.335)  - .0025 


?hus,  the  gear  is  not  undercut. 
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APPENDIX  D 


GEOMETRY  OF  GENERAL  OGIVAL  GEAR  TOOTH 


The  general  ogival  tooth  of  thickness  t and  outside  radius 
r consists  of  a circular  arc  of  radius  p which  blends  tangentially 
into  a radial  tooth  flank,  as  shown  in  Figure  D-1  (only  one 
center  of  curvature  is  indicated).  The  center  of  curvature  C is 
located  at  a distance  a from  toe  center  of  the  gear  or  pinion. 
Frequently  this  distance  a equals  the  pitch  radius  r_.  The 
tooth  geometry  may  either  be  described  with  the  help  of  the 
rarameters  t,  p and  a,  or  with  the  combination  t,  p and  r . 

Both  aorroaches  are  shown  below. 


1 TT  n FP'  ■ F ■ D V ■•'Trn-T  jjpT  n AV  “Vh  Q f n A * * n o 

lUUln  ji  l! V / 1 x rl  • i .-.n. . o u , P A . . W a 


and  C represent  the  coordinates  of  the  center  of  curvature 
x J 


C.,  is  defined  by: 


p - 


(D-1  ) 


D-1 


Frr.iw:  i»-i 


GEOMETRY  or  OGIVAL  TOOTH  (ONLY  ONE  CENTER  OF  CIJRVATORE  SHOWN) 


The  angle  S is  given  by: 

8 = sin"1  V 

a 

With  the  above, 

C = a c o s s 

J 

Further,  oho  outside  radius 

r may  be  cc moused 
o 

cy  * ^ - 

°x 

The  angle  y is  obtained  fro. 

.1 

.-IP 

y - sm  — , 

a 

and  the  flank  an  'le  <»  from: 

from  ths  center  of  rotation  0 to  the  blend 


The  distance  f, 
point  r of  the  flank  of  the  tooth,  is  £iven  by: 


2.  TOOTH  GEOMETRY  ?30M  PA3AMSTE33  r , t Ai:p  r 


If  the  outside  radius  rQ  is  given,  the  distance  a .riust  be 


computed.  The  length  C is  still  given  by  Equation  (0-1),  while 


a = J(rQ  - L)2  + C2 


where,  according  to  Figure  D-1 


All  other  quantities  of  interest  remain  as  before,  i.e, 


5 = sin 


3ee  Equation  (0-2) 


. -1  p 

7 = sin  


Gee  Equation  (D-5) 


<»  = -/-  s 


?e  Equation  (D-6) 


i = a cosy 


See  Equation  (D-7) 


Ice  Equation  (D-r) 


v 

max 


rQsin  6 


Gee  Equation  (D-9) 


(D-10) 


(0-11) 


APPENDIX  S 


KINEMATICS  AND  MOMENT  INPUT-OUTPUT  RELATIONSHIP  FOP  SINGL 


STEP-UP  GEAR  MESH  V/ITII  OGIVAL  TEETH 


The  present  appendix  first  shows  the  kinematics  of  a single 
step-up  pear  mesh  with  ogival  teeth.  Subsequently,  the  moment 
input-output  relationship  for  such  a mesh  is  derived.  Both 
contact  and  nivot  friction  will  be  included. 


1.  XINEMATi: 


?.•  -M  O’! 
v_-  JT  _b  V > MijOh 


Figure  E-1  indicates  the  condition  of  initial  contact  in 


ogival  meshes  when  the  circular  arc  oortion  of  the  gear  forth 


drives  the  circular  arc  portion  of  the  pinion  tooth.  This  type 


of  direct  contact  will  be  called  "round  on  round".  As  the 

motion  progresses,  the  circular  arc  of  the  gear  tooth  moves  into 

contact  with  the  straight  flank  of  the  pinion  tooth,  as  shown 

in  Figure  During  this  "round  on  flat"  phase,  the  distance 

g at  first  decreases  and  then  increases  again.  Before  round 

on  round  contact  can  again  occur  for  a given  raesh,i.e,  g has 

become  equal  to  f again, the  subsequent  mesh  comes  into  engage- 
ment with  round  on  round  contact. (Gee  below.) 

1 See  section  b-VII  of  this  appendix  for  a check  that  indicates  whether 
the  initial  contact  is  round  on  round  or  whether  possibly  the  round 
cortion  of  the  Dinion  touches  the  flat  rortion  of  the  gear.  , 

E-1 


The  kinematics  of  both  round  on  round  ana  round  on  flat  phases 
will  be  given  first.  Further  it  will  be  shown  ho.  to  determine 
those  sear  angles  </>  at  which  the  regime  changes  from  round  on 
round  to  round  on  flat,  and  at  which  contact  is  taken  over  by 
the  subsequent  set  of  teeth.  Since  the  ratio  of  angular  velocities 
between  gear  and  pinion  varies  with  contact  point,  and  the  pinion 
moves  faster  for  a given  gear  speed  for  round  on  round  than  for 
round  on  flat,  the  original  set  of  teeth  disen gages  as  soon  as 
the  subsequent  one  makes  contact.  Thus,  the  contact  ratio  is 
unity  for  this  type  of  gearing. 

The  gear  tooth  nomenclature  given  in  Appendix  D is  used 
throughout.  The  additional  subscripts  G and  T refer  to  gear  and 
pinion  respectively. 


a.  SOUND  ON  ROUND  PHASIC  OF  MOTION 


Figure  i-1  shows  the  input  angle  <t>  as  the  angle  between  the 
x-axis  and  the  center  line  0 of  the  gear  tooth.  The  output 

u Lr 

angle  <l>  is  the  angle  between  the  x-axis  an  i the  centerline  G-V/p. 
During  this  phase  5T  ..otion,  the  line  connecting  the  centers  of 
curvature  C„  and  C-,  is  of  constant  length  L = + Pp  and  passes 


I 


through  the  instantaneous  contact  points  S on  the  gear  and  T on 
the  pinion.  Because  of  this  constant  length  one  may  obtain  both 
the  output  angle  <!>  and  the  "coupler"  angle  A from  the  equivalent 
four-bar  linkage  with  ground  pivot  distance  b. 

sJ  ^ ST 


I.  UNIT  VECTORS  AND  ANGLES  •»„  AND  v. 


The  unit  vectors  associated  with  round  on  round  -chase  are 


:iven  now. 


In  direction  Or-Cr 


n.,  = cos(  <f>  - s„)i  + sin(<*  - 8,0  3 

'Jt  vs: 


( E-l  ) 


In  direction  G.-C_: 


:03Ai  + sin A j 


02) 


The  unit  vector  normal  to  (in  t:ie  right  hand  sense)  becomes: 


n,.  , = - 31IUi  + C03AJ 

i»  A 


(£-3) 


r 


II.  DETERMINATION  0?  OUTPUT  ANGLE  <P  AND  "COUI-LEil"  ANGLE  A 

The  loop  equation  of  the  equivalent  four-bar  linkage  is 
given  by: 

aQnG  + (pg  + p?)nA  - apnp  + bi  = 0 (E-7) 

with  appropriate  substitutions  for  the  unit  vectors,  according 
to  Equations  (E-1),  (E-2),  and  (E-4),  one  obtains  the  following 
component  equation: 


a„cos(  <t>  - s ,)  + Lcosa  + b - a . cos(^  -8-0  = 0 (E-J) 

r 


Substitution  of  expressions  for  sir. A and  cosA  from  Equations  (2-9) 
and  (2-S)  respectively  leads  to: 


A~sin  $ + B_.co s^  = cn 

rs  R R 


(2-12) 


'.vnere 


A- 


sin(sf>  - s,,)  + ccs  (<t>  - 8,. ) ran  8-  + _1_  tans 

° ° r a„  : 


cos(<?  - + 

\J 


sin(<£  - 8^) tans. 

kJ  1 


Cl  ^ + b — .L 

r'  U 


b cos(3  - s., ) 


2a  „u .co s s T 


SpCOSS., 


Zauation(2- 12)  is  solved  fcr  ^ by  a method  similar  to  the  one 
yivon  on  r . 2.6  of  2.  3.  Hartcnberg  and  J.  Denavit;  Kinematic 
Synthesis  of  .inks. jes,  ’/.cGraw-aill  Book  Co., 


Mev;  York,  19&4.  Thus, 


^ = 2tan 


-1 


A. 


* V 


,2  + ,2 

+ uz> 


P 

c; 


U-13) 


+ c 


.he  correct  si  ;n  ir.  aquation  (2-13)  must  be  found  from  the  reometric 
conditions  of  the  equivalent  four-bar  linkage. 


r 


IV.  DILATIVE  VELOCITY  AT  CONTACT  POINT  SLT’.VIEIT  GFA3  AI ID  ?i; 

V/ith  point  S on  the  gear  and  point  T on  the  pinion,  as 
shown  by  Figure  L-1 , the  relative  velocity  between  gear  and 
at  the  contact  point  is  given  by: 


Vt  = Vo, 


T/O. 


This  relative  velocity  is  tangent  to  the  contacting  surface 


can  therefore  be  expressed  in  terns  of  the  unit  vector  h.T 


a 


(see  Figure  ^.-1).  Then,  the  above  becomes: 


Vi  = 


(?3/o  ' “V  - (Vo,'  “ka> 


nNA 


or 


,J  s/: 


It 


♦5  * (aaHr  ♦ 'aH»0  ' - [*'■  * (yp  " 


.Appropriate  substitution  of  unit  vectors  and  simplification 
results  in: 


Vt  = I * [ 


a„cos(  <t>  - - a)  + p 


o]  - *0 


aDcos(  <P  - s D - a)  - 


;'_Q 


tic:: 


"ini on 


(1-17) 


and 
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b.  pouitd  on  flat  phase  c?  ::otion 

Figure  2-2  gives  the  details  of  the  round  on  flat  contact 
between  the  driving  gear  and  the  driven  pinion.  The  input 
angle  and  the  output  angle  ^ are  again  defined  counter- 
clockwise between  the  x-axis  and  the  respective  tooth  center 

lines  0 and  0-1.','  • Since  contact  is  always  made  on  the  straight 
G a b r 

radial  flank  of  the  ninion,  the  line  SC„  of  the  gear  is  always 
normal  to  the  flank  of  the  pinion.  The  contact  point  is  at  a 
distance  g from  the  pinion  center  Op,  and  this  distance  is  always 
smaller  than,  or  equal  to  the  distance  fp  (which  is  defined  by 
Equation  ( D — 7 ) in  Appendix  D) . Again,  the  subscripts  G and  P 
are  used  for  gear  and  pinion  tooth  parameters  respectively. 

I . u::it  vectors 

As  before,  the  unit  vector  in  direction  0~C„  is  given  by: 

vJ 

nr  = ccs(4>  - S „ ) i + sin( <t>  - Sr)3  (2-21) 

Vj  \J  U 


The  unit  vector  in  direction  0pT,  along  the  flank  of  the  pinion 
is  given  by: 


L 


= cos + «.,)i  + sin(<A  + n „)  i 

r i' 


(3-22) 


The  unit  vector  in  direction  3C^  is  normal  to  n„  in  the  ri~ht 


nana  sense: 


= - sinU  + Oi  + cos(^  + O j 


(2-23) 


:i.  determination  o?  output  angle  t ant:  distance 


The  vector  equation  for  the  mechanism  loon  O^-C^-S-T-O.,. 

-Gup* 

which  forms  the  basis  of  the  desired  solution,  has  the  following 

f*  o r"/i  • 

1 Wi  4.1  • 


a„np  - p^n-.r.  - cn_,  + bi  = 0 


(S-24) 


Substitution  of  Equations  (il-21)  to  (E-23)  furnishes  the  component 
eauations : 


a„COo(  »•>  - «Sr,)  + P^Sin(b  + -r_)  - £003  (t  + <*_) 

(j  • J u r 


+ b = 0 


a„sin(  - 8,)  - p.co s(  ^ + • ,)  - gsin(  C + = 0 


(225) 


U26) 


E-12 


From  Equation  (E-2S)  one  obtains  for  g: 

a„sin( </>  - s„)  - p r c o s ( ^ + <>•  ) 

_ ‘J  U U 

O *"*  . 

sin( ^ + “p) 

Fhis  expression  for  g is  now  substituted  into  Equation(E-25) . 
Rearrangement  and  simplification  lead  to  : 

k7s±ni-  + 377cos^  = C-, 

± i £ 

vhere 

Av  = b cosn.,  + a„cos(«f>  - s„.  - 

- i Vj  u r 

3t  = b sinop  - a„sin(  s1'  - Sg  - «-.) 

Gv  = - />„ 

if  ‘J 


'he  solution  of  Equation  (E-28)  for  ^ is  obtained  in  the  same 
• ay  as  that  of  Equation  (-•.-13),  i.e. 


^ = 2tan""^ 


+ v4  + 3^  - 

1 i ;< 


.2 


-*‘e  correct  sign  in  equation  (.^-s9)  depends  on  the  geometric 
conditions  of  the  me c nanism  position  as  in  all  four-oar  linka/ 
solutions  of  this  tyre. 
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1 


V3/T  “ V3/0 


(Vr 


70 


; V] 


(1-3*0 


f ■? 


6) 


and 


a^sinfb p - Sn ) - f*., cosC^  + « ) 

a la  a * l' 


fpSin(v''-,  + «p)  = 0 


From  the  above, 


c o a ( </> _,  - s„ ) = J_  [~f.  cocUrp  + <>-)  - b - ^sinU™  + « -,) 1 

i a n (_  r it  a J.  r J 


ana 


£- 1 6 


(£-37) 


(£-38) 


sin (</>..,  - sG)  = — j^fp3in(b,p  + <tp)  + tacosC^  + «p)J  (£-39) 


ihe  angle  ^ may  ;:ov;  be  obtained  by  first  eliminating  >j> 
Equations  (£-33)  and  (...-39)  • This  in  accomplished  with 

sin‘"(^rn  -5.)  + c os1-  ( </> - 5.)  = 1 

j.  >Ji  * 'J 


Substitution  inco  one  above  leads  zo  the  followin';  expr 


Ar-sin^.- 

r 


3ncosf 


= C 


.'no 


re 


c .c 


;cos«0  + f::)sin<* 


‘ P 


P , • 3i n«  _ - f c os«_ 
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q nation  (s-40  is  again  soivot 
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VI.  SENSING  GEOMETRY  FOR  THE  DETERMINATION  OF  CONTACT  OF 


SUBSEQUENT  TOOTH  MESH 


The  following  derives  a computer  sensing  equation  which 
indicates  when  contact  is  transferred  from  one  tooth  mesh  to  the 
succeeding  one.  Figure  E-3  illustrates  the  case.  The  active 
mesh  is  in  the  round  on  flat  mode  and  the  subsequent  mesh  will 
make. its  initial  contact  in  the  round  on  round  mode.  This 


Subsecruent 


Pinion  Tooth  Mesh  Gear 

Rotation  / 


Figure  EJ 

Sensing  Geometry  for  Contact  of 
oubseouent  Tooth  Mesh 
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assertion  is  based  on  experience  with  the  three  gear  and  pinion 
combinations  of  the  M125A1  booster.  In  each  of  these  instances, 
the  subsequent  mesh  makes  contact  before  the  round  of  the  gear 
has  left  the  flat  of  the  pinion  in  the  acmive  mesh,  i.e.  g < fD. 

(See  work  in  section  V. ) It  has  also  been  found  that  initial 
contact  of  the  subsequent  mesh  is  always  in  the  round  on  round 
mode.  Generally,  contact  between  the  flat  of  the  gear  and  the 
round  of  the  pinion  does  not  occur,  and  it  has  not  been  considered 
in  this  report.  Section  VII  gives  a criterion  for  the  existence 

! 

of  this  inverted  round  on  flat  node  of  contact. 

Once  contact  has  been  made  by  the  subsequent  mesh  it  becomes 
the  new  active  mesh.  This  can  be  proven  by  the  fact  that,  for 
a given  angular  velocity  </>  of  the  gear,  the  angular  velocity 
of  the  pinion  is  always  larger  in  the  initial  stages  of  the 
round  on  round  rode  than  in  the  final  stares  of  the  round  on 
flat  one.  Thus,  once  the  new  mesh  has  made  contact,  the  old  one 
separates  rapidly  and  the  "contact  ratio"  is  always  unity. 

The  above  may  be  shown 
theoretically  by  the  position  of  the  instant  center  of  rotation 
between  the  gear  and  the  cinion  on  line  0~0~. 

U I 

If  a</>  and  ±<1*  represent  the  angles  between  the  individual  tooth 
center  lines  of  the  gear  and  pinion  respectively  (see  Figure  E-3) , the 

E-20 


f 


closure  equation  for  the  subequent  mesh  may  be  written  in  terms 
of  the  active  mesh  as  follows: 

ap[cos(i!'  - Sp  + AtfOi  + sinU  - + 

= bi  + a,  |cos(<£  - s„  - \<t>) i + sin(^> 

J l_  u 


b 


components  of  the  distance  L = C-^C^, 

pinion  angle  determined  from  round  on  flat 
mode  according  to  Equation  (1-2 9) 


The  components  L.,  and  L..  may  be  obtained  from  fquation  (2-45): 

— ■ J 

L„  = b + a _ c o s ( </>  - 8„  - Ab)  - a_cos(  b - S3  + 

(1-46) 

and 

L„  = a0cin(b  - s,  - a<,*>)  - aDsin(b  - sD  + Ab)  (:.-47) 

Contact  will  have  occurred  when  the  distance  L becomes  equal  to 
or  sii  rhtly  smaller  than  the  sum  of  the  two  radii  of  curvature 
/’  , and  i>.  Thus,  the  criterion  of  contact  becomes: 

j r 


for  the  round  on  round  and  for  the  round  on  flat  phases  of  the 
motion.  The  directions  of  the  oivot  friction  forces  are 


Figure  £-5  shows  -.he  free  body  diagrams  for  the  round  on 
round  chase  of  notion  with  the  year  considered  to  be  ccnnonent 
no.  1 and  the  pinion  defined  as  component  no.  2.  The  contact 
forces  F^  and  are  expressed  with  the  help  of  the  unit 

vector  r. A £see  equation  (L-2)~\  . This  unit  vector  is  always 
normal  to  both  contacting  surfaces  at  points  3 and  T.  The  unit 
vector  n..^  is  used  to  describe  the  direction  of  the  friction 
forces  at  the  contact  oint.  The  sense  of  these  friction  forces 
is  determined  with  the  help  of 


The  unit  vector  ii„  is  defined  by  equation  ( i'-d) . 

Equation  (E-S2)  *ives  rise  to  the  follov/inq  compomn 
equations: 


‘ 12 


c o 3 A — fi  3 i'  i ■-)  s a n \ 


' o + M - - ) 

v V r \r 


0 


ana 


:in,\  + m 


OA  12' 


:os,\ 


y2 


?he  r.c.'.ont  equation  (..-S3)  becc.r.es,  in  scalar  for;: 


a.. 


3 in;  c - 


+ m sa  ,c  os(  <r  - s 


simultaneous  eolation  of  equations  ( -6  -)  and  ( > >5)  fox 


and  F 2 result.:  in: 


f ,ii  1 + s)  si  r.  A 
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b*  INPUT-OUTPUT  RELATIONSHIP  FOR  ROUND  ON  FLAT  PHASE  ON  MOTION 


Figure  2-6  gives  the  free  body  diagrams  for  the  round  on 

flat  phase  of  the  motion.  Again,  the  gear  is  considered  to 

be  component  no.  1,  while  the  pinion  is  component  no.  2. 

Using  the  unit  vector  n.„,  of  equation  ( -22),  which  is  normal 

to  the  flat  side  of  the  oinion  to  express  the  force  _ of  the 

1 2 

gear  on  the  pinion,  one  obtains: 


(2-7D 


The  friction  force  of  the  gear  on  the  pinion  again  has  the  same 
direction  as  the  nov;  applicable  relative  velocity  7-y-,  of 
equation  (--55)*  .'.'ith 


VC/f 


(2-72) 


as  the  applicable  si~aum  convention,  the  friction  force 


doc  ones : 


E-33 


(2-73) 


- , gysiSBMgr  ;■  ■"■  f-gr 


equation  ( -**34)  furnishes  the  following  component  equations: 


1 2°^-n(  ^ 


[0)  + msF^pcos(v!'  + <*_)  + 


:2  + = 0 


ana 


-j12uos(v  + «p)  + /isF,pSin(^  + «^)  + 


72 


(2-36) 


“ M*.o  “ 0 


(2-37) 


-he  scalar  iora  oi  the  moment  equation  (2-35)  becomes: 


+ + 


2 + ^ 
*x2  *y2 


= 0 


(2-38) 


._>j — al „aneous  solution  oi  equations  (_j—  '6)  and  (2—87)  for  2 


and  7,,-,  1 ads  to: 


::2 


' 12 


(1  - m s)sin(0 


+ ^(1  + s)cos(d  + «„) 


ana 


(2-89) 


(1  - i2j)co3(^  + «,)  - /i(1  + s)sin(^  + «.,) 


1 + M ‘ 


(2-30) 
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APPENDIX  G 


KINEMATICS  OF  TV/O  AND  THESE  STEP-UP  GEAR  TRAINS  WITH  OGIVAL  TEETH 


Figure  G-1  shows  the  basic  configuration  of  a three  step-up 
gear  train  used  in  certain  fuze  applications.  The  general 
layout  is  identical  to  that  shown  in  Figure  A- 5 of  Appendix  A. 

Now,  ogival  type  gear  teeth  are  used  instead  of  involute  type 
ones.  Again,  it  is  required  to  find  the  equiiibrant  moment  MQi+, 
acting  on  pinion  no.  4 which  holds  the  input  moment  , 
acting  on  gear  no.  1 , in  equilibrium  when  both  pivot  and 
contact  friction  are  taken  into  account,  and  when  the  fuze 
body  spins.  Appendix  H gives  the  force  and  moment  analyses  for 
the  determination  of  this  moment  input-output  relationship. 

The  sane  appendix  also  shows  the  derivation  of  such  an  input- 
output  relat  onship  for  a two  step-up  gear  train  with  ogival 
gear  teeth  which  must  operate  in  a spin  environment.  (Figure  A- 10 
of  Appendix  A shows  this  type  of  configuration  with  involute 
teeth.)  The  oresent  appendix  lays  the  groundwork  for  the  moment 
relationships  of  Appendix  H by  providing  the  kinematics  of 


Rotati on 


of  motion  have  to  be  considered.  All  derivations  follow  the 
pattern  set  in  Section  1 of  Appendix  2.  The  derivations  must 
take  into  account  that  the  driving  gears  of  meshes  no.  1 and 
no.  3,  i.e.  between  gear  no.  1 and  pinion  no.  2 and  between 
gear  no.  3 and  pinion  no.  4,  respectively,  have  clockwise 
rotations.  The  driving  gear  of  mesh  no.  2,  i.e.  between  gear  no.  2 
and  pinion  no.  3»  has  counterclockwise  rotation. 

Finally,  the  inclinations  of  the  various  pivot  to  pivot 
centerlines  with  respect  to  the  body-fixed  X-axes,  as  represented 
by  the  angles  /?.  , /}-,  and  must  be  considered. 

For  the  sake  of  simplicity,  the  notation  will  in  most  cases 
not  differentiate  between  round  on  round  and  round  on  flat  phases 
of  notion.  For  example,  the  output  angle  and  its  derivatives 
will  have  the  sane  symbol  for  both  phases. 

For  definitions  of  angles  (3.  and  y.  as  well  as  the  distances 
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appendix  a-6. 
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1.  KINEMATICS  OF  MS3H  NO.  1 (GEAR  MO.  1 AMD  : INION  MO.  2) 


a.  SOUND  or:  SOUND  PHASE  OF  MOTION 


Fipurc  G-2  shows  the  round  on  round  phase  of  the  motion 
of  mesh  no.  1 in  a schematic  manner.  Only  the  contacting  faces 
of  the  gear  and  the  pinion  are  indicated. 


I.  UNIT  VECTORS 


?he  unit  v.ctor  in  the  direction  C.C-,,  of  the  sear  i3  Niven 

I I 


n„  j = cos(<f>1  + 8.^  )i  + sin(<?> . 


8„i ) j 


(G-l  ) 


?he  unit  vector  in  the  direction  C,jOpj  is  r;±ven  by: 


n Al  = cosa.i  + smA]  j 


(0-2) 


The  unit  vector  normal  to  n^  (in  the  ripht  hand  sense)  becomes: 


nNAl 


ri  \ 
I*  A 


+ COS  A-j  j 


(G-3) 


4 


-- 


2qu:.tion  (3-11)  is  now  solved  for  ^ in  the  manner  described 
in  Appendix  2 in  connection  with  equation  (..-12),  i.e.: 


= 2 tan 


-1 


+ J~J~ 
M2  - V'li 


P P 

+ 3^  - v 

"13  °1H 


312  + 


(3-12) 


’ 1 R 


The  correct  sign  on  equ  >.tion  (G-12)  must  be  found  from  geometric 


considerations. 


The  coupler  angle  A ^ may  now  be  determined  either  from 
equation  (1-3)  or  from  equation  (G-9).  Thus, 


A - = cos 

i 


-1 


or 


-1 


A 1 = sin 


bjcos p]  + aclcos(^1  + g?1  ) - arjCOs(^  + s ^ ) 


(2-13) 


b]  sin/J,  + apisin(iA]  + «..,)  - a^sin^  + sQ1  ) 


(G-14) 
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IV.  RELATIVE  VLLCJITi  AT  T:'„  CONTACT  POINT 


The  relative  velocity  V31  /ip1  of  the  com. act  point  S, 

R 

on  sear  no.  1 with  respect  to  point  T ^ on  pinion  no.  2, 
represents  the  vectorial  difference  between  the  absolute 
velocities  of  these  points.  Thus, 


;l/T1 


R 


V, 


~1/C 


V, 


Tl/C 


(G-16) 


where  C represents  the  spin  center  of  the  fuze  body.  If 

stands  for  the  angular  velocity  of  the  fuze  body,  then  appropriate 

suostitution  into  equation  (1-1 6)  gives:  (See  also  Figures  G-1  and  G-2' 


^SI/TI-,  = ["  x ^1  + ^ + x ^aQl  + PQ1 


- [«  x'X2  + (w  + ^ ) >:  (apl  + Fp1  )_ 


(G-1 7) 
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+ 

ap  1 

+ ^P1  J 

1-10 


. a 11 


Since  this  relative  velocity  is  tangent  to  the  contacting 
surfaces,  it  nay  be  written  as  the  vectorial  difference  of  the 
velocity  cor. . onents  along  these  surfaces.  Accordingly, 


(G-20) 

Appropriate  substitution  of  unit  vectors  civen  earlier  in  Section  I 
and  simplification  results  in: 


G-l  1 


SI /T1r 


| ;,[aG1cos(.,  + SQ1  - a-,)  + 

- ^ jji.^COsC  <l>]  + S?1  - A i ) 


( G-2 1 ) 


. aou:-n)  on  flat  phage  of  motion 


Fiyure  G-3  shows  a schematic  view  of  mesh  no.  1 in  the 
ound  on  fiat  chase  of  the  motion. 


VECTORS 


The  unit  vector  in  the  direction  is  riven  by: 


= COs(^ 


- "op1  + s-  nCv^,  - «p1)j 


(C-22) 


he  unit  vector  n-.-,.,  in  the  direction  C^.3,,  is  always  normal 

» t X*  1 vj  I * 


o nT.  : 


n .V1  = -sin(^1  - <»  -1)i  + co:-(^  - *-j)j  (G-23) 


G“  1 2 
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vsi/o. 
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::o.v,  this  velocity  has  the 
since  there  is  ..o  velocity 
equation  ( ’-31)  becomes: 


V3l/T1f  " ‘ 3 1 / 0 1 * n71 


direction  of  the  unit  vector  _+  n-,,  . 
component  along  the  pinion  flank, 


V.  D2T2.?MINA?I0:;  OF  TPAl'oITIOT  A::GL2S 


The  transition  an  ;le  4>  ^ m and  the  corresponding  angle 
are  reached  when  the  round  on  round  phase  is  followed  by  the 
round  on  flat  one.  They  are  obtained  by  letting  g^  = f in 
the  component  equations  (C— 25)  and  (G— 26).  This  gives: 


arlcos(^irT1  + 5.^)  - pc1  sin(  >P.  rn  - ) - b1cos/51  - f^cos^ 


(0—34) 


a,. . sin(  </>, .n  + 5^,)  + r , , cos(  i,  m - 


basing-, 


f„1sin(v^1T  - «rl) 


(0-55) 


From  the  above,  one  obtains: 


;(Vf  + 


■ f>a1  sin('/'r?  - «pl)  + 'o]co3B]  + fDlcos(^1T  - «?1  ) 


(C— 36) 


1 r 

— -pn]  zosdy^  - «p1)  + b1sin/?1  + f _ ^ sin(«/'1  r,  - «rl  ) 
' 1 


(C— 57) 


■'ir.ai; 


j » 


tan 


-1 


(c— 39) 


The  appropriate  sign  must  be  found  from  geometric  considerations. 
The  associated  angle  may  be  found  with  the  help  of  either 
equation  (G-3o)  or  equation  (G-37): 

G-l  9 
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sensing  equation  foe  the  determination  of  contact  on  subsequent 


:OOTH  MESH 


The  followin’  contact  sensin’  equation  is  derived  with  the 
assumption  that  subsequent  contact  is  made  in  the  round  on  round 
:.hase  of  the  motion,  in  the  manner  shown  in  Section  VI  of 
Appendix  E.  ow,  the  configuration  is  that  of  Figure  ;-2  where 
ear  no.  1 rotates  in  a clockwise  direction. 

"i- 

Before  contact  is  made,  the  distance  between  the  centers 
of  curvature  and  C,,^  is  given  by: 


G-20 


xininiatics  of  : esi-i  ::c.  2 (gear  ;:o.  2 a:;d  :o.  d 


ROUND  ON  ROUND  PHASE  0?  MOTION 


Figure  G-4  rives  a schematic  representation  of  the  round 
on  round  phase  of  the  ‘.otion.  Only  the  contacting  faces  of  the 
~ear  and  the  ^ir.ion  are  shown.  It  is  to  be  noted  that  the  innul 


jear  rotates  in  the  counter-cloch'.vise  direction,  and  that  the 
output  anjle  of  mesh  no.  1 is  ic  entical  to  the  input  an"le  <t>. 


o:  nesn  no.  a. 


:t  victors 


The  unit  vector  in  the  direction  of  the  ,^ear  is  riven  by 


cos (</>2  - <5  ,?)i  + sin^2  “ 6,^)3 


The  unit  vecoor  in  the  direction  C.^C^  is  riven  by: 


1.-  = cos\3i  + sm\P3 

/v<—  C.  «— 


(G-47) 


(G-i2) 
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he  unit  vector  normal  to  n^~,  in  the  rijpht  hand  sense  becomes: 


una2 


“ oinA*)!  "**  C 0 S A j 


(3-49) 


inion  unit  vector  n„P,  in  the  direction  0rC_,P> 

P—  i)  ^ c. 


is  repr  -sented  by: 


n 


?2 


cos(^2  - 5p2  )i  + sin(^2  - 


(C— 50) 


ally,  the  unit  vector  alone;  the  centerline  0^,0^  is  .riven  by: 


n02  = cos/?2i  + sin  /?2  j 


(G-51) 


I.  DETERMINATION  07  OUTPUT  ANGLE  * AND  "COUPLER"  ANGLE  A. 


The  loon  equation  of  the  equival.nt  four-bar  linkage  is 


von  cy: 


L->n 


A2 


a.. 

X' 


:2nF2 


d -3  n /j  o 

i—  /5  4l 


0 


(c— 52) 


G-25 


wnere 


A 


b2sin(/i2  + Sp2)  - 


xG2sin(<*>2  - s ,2  + 8 2) 


cLA 


b2coa(/?P  + <5.,2)  - aG2cos(^2  - SP2  + sp2) 


'22 


. 2 
°2 


,2 

‘G2 


2 

*?2 


:a/x2D2C03(</>o  — 8^2  — /?2 ) 


2_  aX — . 


Equation  (G-57)  is  then  solved  for 


^2  in 


is  manner  discussed 


in  Appendix  E: 


<P0 


2 tan 


3 


22 


+ 


r% 


pn 


(c— 58) 


The 


correct  si  qn  rust  a pain  be  do  to  rained  from 
The  anrle  may  now  be  determined  either 


geometric  consideration 
from  equation  (G-54X 


1 


IV.  RELATIVE  VELOCITY  AT  THE  C OCT ACT  POINT 


The  relative  velocity  V^/np  , of  point  on  Gear  no . 2 
with  respect  to  point  T2  on  pinion  no.  5 has  the  direction  of 
the  unit  vector  ru^p.  Thus,  in  the  manner  of  equation  (G-20): 


V32/T2-,  ~ I L ^ 2‘'  ::  (aG2nG 2 + pC-2nA2)]  ‘ nNx2 

' [*2*  x (aF2HP2  ‘ p?2aA2}]  * *:U2  ] 


Substitution  of  ur.it  vectors  yields: 


VS2/T20 


(G-62 ) 


|^2  [a32cos^2  " SG2  ~ a2}  + PG2] 

- ^2[ap2cos(^2  - Sp2  - A2)  - ',p2]|n:.;A2 


(3-63) 
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II.  D2T23MI??ATI0;r  0?  OUTPUT  ANGLE  f.  AI7D  DISTANCE 


The  vector  equation  for  the  mechanism  loot)  0~,-C^^~3o-T--0- 


:-2  "2 


has  the  form: 


G2‘1G2 


2 i-:?2 


*2nF  “ °2n/i  2 


0 


(3-66) 


Acer onri ate  substitutions  for  the  unit  vectors  furnish  the 


followin'.;  component  equations: 


a_Pccs(</>. 


- 832)  + PQ23in(^2  + " p2 ) " b;.cos/?p  - :-cos(^  + «p2) 


0 


(G-67) 


and 


This  expression  is  now  substituted  into  equation  (G-67),  and 


OF  CONTACT  ON 


I.  SENSING  EQUATION  FOR  THE  DETERMINATION 

SUBSEQUENT  TOOTH  MESH 


The  contact  sensing  equation  for  mesh  no.  2 is  derived 
imilnrly  to  that  for  mesh  no.  1 before  contact  is  made  in  the 
ound  on  round  node.  The  distance  between  the  centers  of 


rrvnture  C^p  and  Cp2  is  given  by: 


''G2^P2 


Jx2x  ' "y2‘ 


(G-S. 


o<>  and  represent  the  tooth  spacing  angles  of  gear  no.  2 

I— 


nd  oir.ion  no.  3 respectively,  the  as  cciatod  loop  equation 


: comes  (soe  Figures  2-3  and  G-4) : 


32  |cos(</>2  - 


- s„p)i  + sLn(vG  - - 8 


32  + L::21  + Ly2 


d o 0 3 ( y 2 * 'f'o  ~ ® 02  ^ si  n ( i/1 2 + — 5 2^^J 


b ;;[cos /?2 i + sin/?2 j ; 


(G-S 


,oto  tnat  ;o: 


nesh  no.  2,  the  angular  increment  -i</>2  is  negative 


rhile  is  positive. 


Further,  as  before, 


he  angle  <fr~  must  be 


C_i. 


determined  for  the  round  on  flat  phase  of  the  motion. 

The  magnitudes  of  L.p,  and  L are  determined  from  the 
components  of  equation  (G-33) , i.e. 

= b^cos  p.}  + a0?co3(^?  + 

Ad.  <_  c_  r^—  ai  c_ 

while 

L p — bp3in^0  + 3.-:p oj_n ( ^ p — p ) — 3..~,pSin(0p  — 

J “ — i'<—  d_  d—  . A d—  d_  d_ 

Contact  will  occur  as  soon 


— 8 -52 ) — 


,2COS(^_  - 


as 


3.  KINEMATICS  0?  MESH  NO.  3 (GEAR  NO.  3 AND  PINION  NO.  4) 


Since  mesh  no.  3 is  kinematically  equivalent  to  mesh  no.  1 , 
the  kinematic  equations  for  mesh  no.  3 may  be  obtained  from  those 
for  mesh  no.  1.  The  an^le  p ^ must  replace  the  annjle  p^  and 


;ne 


center  distance  b-,  is  used  instead  of  b,  . All  parameters  of 

A 1 


Near  no.  1 are  replaced  by  those  of  pear  no.  3 and  the  pinion 
parameters  of  pinion  no.  4 are  substituted  for  those  of  pinicn  no.  2, 


Zt  is  to  be  noted  t next  the  in  out 
identical  to  t':e  cutout  ample  </>„  of  mesh  no. 


</> - of  mesh  no.  5 is 


a.  ROU'HD  ON  ROUND  PHASE  OF  NOTION 


The  ouput  anqle  <!>■  is  obtained  with  the  help  of  equation  (G-12) 


= d.  i an 


-1 


A3H  i 


»_/  , 
A- 


(G 


G-c7) 


33N  + C3R 


.vnere 


1 


a„73in( <f> . + - 5.  -,) 

G3  A ^A  r A 


b.sin(/i3  - 5.-3) 


G-40 


a„  ,C03(f.  + 
up  P up 


2 ? 2 

a_,_  + a„-,  + D-.  - 
?3  up  y 


b,cos(/?.. 

3 o 


- 8,3 ) 


2a„~bvcos(<£..  + s„v  - 3-.  ) 

'-O  ^ o u-3  o 


2 a_  - 
iO 


'3  = PG3  + P?3 


(>-33) 


The  angle  A -.  may  be  found  with  the  help  of  equation  (G-13)  or 


equation  (G-14) 


A - = con 


b-cos/f,  + a ;cos(  <p->  + a0,)  - a cos(<*  + s ) 

y -/  a up  p up 


(=-S9) 


b,3in/3-  + a^:,3in(  <P-  + 8---)  - 
~}  P rp  "> 


„-3in(*-  + 1 ) 


(3-90) 


The  an qular  velccit 


icy  is  obtained  from  equation  (-.-Ip) 


: ->,  ,-003 ■A-.  - k7  zint: 


A;.  .0030-  - 3--3i n^- 
A 3*.  P 


(G-91) 


APPENDIX  H 


h 


MOMENT  INPUT-OUTPUT  RELATIONSHIPS  FOR  TWO  AND  THESE  3TEP-UP 
GEAR  TEA  I NS  V/ITH  OGIVAL  TEETH  OPERATING  IN  A SPIN  ENVIRONMENT 

Ths  following  gives  the  derivations  for  the  moment  input- 
output  relationships  of  two  and  three  step-up  .pear  trains  which 
operate  in  a spin  environment. 

Figure  G-1  of  Appendix  G shows  the  basic  configuration  of 
a three  step-up  gear  train.  The  in  ut  moment  ,, , which  acts 
on  gear  no.  1 , is  held  in  equilibrium  by  the  moment  Mq,  which 
acts  on  pinion  no.  4. 

Gi.nce  in  all  three  meshes  there  /.ay  either  be  round  on  round 

or  round  on  flat  type  of  contact,  the  force  and  moment  analyses 

must  account  for  various  contact  conoinutions.  Table  h-1 

snows  the  ei  :ht  different  chase  combinations  which  my  occur  in 

- 

a three  ste  -u  - r t r in,  and  for  nicli  input-output  relationships 
must  be  found,  .he  two  ete  u>  ;*ar  tr  in,  which  is  shown  in 
.'i  ure  A- 10  of  . ; er.si;:  for  involute  ;oari.nj,  docs  not  contain 

pinion  4 md  '.nr  ....  3#  Here#  the  Lnpul  loraent  , which  acts 
on  our  nc.  1,  is  .-veld  in  equilibrium  by  moment  MQ.-,  which  acts 
on  minion  no.  >. 


L 


Case  No. 

Mesh  No.  2 

(Gear  2 1- 
Pinion  3) 

Mesh  No.  1 

(Gear  1 & 

Pinion  2) 

1 

R 

R 

2 

R 

F 

3 

F 

T1 

r 

4 

F 

p 

POSSIBLE  COMBINATIONS  OF  PHASES  FOP  TWO  STEP-UP  GEAR  TRAIN  AS 
SHOWN  IN  FIGURE  A- 10 
S = Round  on  Round 
F = Round  on  Flat 


The  unit  vectors,  mechanism  angles  and  kinematic  terms 
necessary  for  t is  following  analyses  were  derivea  in  Appendix  G. 
(See  also  Appendix  D for  a description  of  the  geometry  of  ogival 
teeth.)  Certain  terms  used  in  connection  with  mesh  no.  3 may 
be  obtained  from  expressions  derived  for  mesh  no.  1 in  Appendix 
by  the  replacement  of  the  appropriate  subscript  numbers,  since 
the  kinematics  of  these  meshes  are  identical.  The  following 
additional  nomenclature  is  used: 


distance  from  spin  axis  C to  pivot  noints  0,.  of  individual 

2. 

gears.  (i  = 1 , 2,  3,  4 applicalbe) 


angle  of  lines  = CCh  with  respect  to  the  body-fixed  X-axi: 


spin  velocity  of  fuze  body 


mass  of  various  gears,  pinions  and  gear-pinion  combinations 


, centrifugal  force  acting  on  individual  gear 
components.  ( bow  called  Tu  to  differentiate  it  from  the 
pinion  contact  point  T..) 


nivot  radius 


radius  of  curvature  of  pinion  tooth  (ogival) 


•adius  of  curvature  cf  gear  tooth  (ogival) 


coefficient  of  friction  at  pivots  as  well  as  at  contact 
point  between  ears  and  oinions 


The  pivot  friction  moments  are  obtained  according  to 
equation  (A-yb)  of  Appendix  A.  They  always  op.ose  motion  regardless 


of  the  asju.r.nticn  of  direction  of  the  rivot  reactions  7 ■ and  7,  . . 

Xi.  VI 

To  ti.i.  end  t.ie  ivet  forces  7 . and  F . , which  represent  the  sums 

;:i  yi’ 

of  the  absolute  vilues  cf  their  component  parts,  are  added 


1 


r 


L 


algebraically.  The  algebraic  addition  of  such  modified  reactions 
provides  a conservative,  i.e.  a somewhat  overstated  friction 
moment . 

The  directions  of  the  friction  forces  of  the  pears  on  the 
pinions  are  always  those  of  the  relative  velocities  > '-'/here 

points  3^  and  Ta  are  located  at  the  contact  points  of  the  pears 
and  pinions  respectively.  This  allows  the  introduction  of  a 
signum  convention.  For  the  round  on  round  phases, 


VSi/Tir 


3iR 


VSi/Ti 


R 


( H- 1 ) 


For  the  round  on  flat  phase,  the  convention  becomes: 


3i/Tir 


VSi/Ti. 


Ct-2) 


The  expressions  for  the  above  relative  velocities,  which  are 
different  for  round  on  round  and  for  round  on  flat,  are  given 
in  Apoendix  3. 


K-5 


1 . INPUT-OUTPUT  ANALYSIS  OF  THREE  ST5P-U?  GEAR  THAI  If 

a.  GASS  NO.  1 : IfflR 

I.  FORCE  a::d  moment  equilibria  of  PINION  UP.  L 

Figure  h-1  shows  a schematic  free  body  diagram  of  pinion  no. 
in  the  round  on  round  mode  of  contact.  The  equivalent  four-bar 
linkage  associated  with  mesh  no.  3 is  also  indicated.  The  pinion 
is  acted  upon  by  the  equilibrant  moment  y . in  the  direction 
opposite  to  its  counterclockwise  rotation, 
of  gear  no.  3 on  the  einion  is  riven  by: 


*A3 


(H-3) 


The  associated  friction  force  exerted  by  the  gear  on  the  pinion 

has  the  direction  of  the  relative  velocity  , as  given  by 

equation  (G-;2).  7/ith  the  use  of  the  signum  convention  of  equation  (H-1) 

the  friction  force  F-,, becomes: 

f34 


f34 


34  ->a3 


(H-4) 


H-6 


± 


1 


The  centrifugal  force,  due  to  the  pinion  mass,  is  given  by: 


\ = Q^Ccosv^i  + siny  j) 


(H-5) 


where 


% = 


Force  equilibrium  is  given  'cr 


F-,n.-.  + m3.,..Fz,  n . 7 + ? , i + u?  , i - 
Ay  yh  34  -.a3  :<4  My4 


(H.-b) 


W + -a4j 


if. 

Lt 


= 0 


(3-7) 


loment  equilibrium  reo^uires  the  following: 


?y,  )-  h.  (b?JH?3  - pr3aJ>  x UV5  - + ,3  F H ) 


0 


Ci-') 


Equation  (h-7)  furnishes  the  following  component  equations: 


The  scalar 


of  t'ae  moment  equation  becomes: 


.or. 


•Ho4  ' "V 


'xu + "yv’ " IvJaaD1 


n{\p-.  + S0,  - A .)  - ms„cos(^,  + 


3 a i'3 


(K-11) 


Simultaneous  solution  of  equations  ( M— 9 ) and  (1-10)  for  ~ , and 

::4 

?y4  lives: 


c4 


j[M(35g  ~ 1 JsinA^  - (1  + f^s7;,)cos,\]  - ?,  ( fisiny^  + cosy  ) 


1 + M 


(H-12) 


ana 


*y4 


+ m 3-^.^ ) sin A-,  + /i(s~p  1 ) c o s A . ] + (siny,  — /xcosy,  ) 


1 + M 


Ci-13) 


Tne  sum  F , + F , 
x4  y4 


of  equation  (11—1  1 ) is  now  made  up  of  equations 
(1-11)  and  (1-13)  in  the  sense  of  equation  (A-3b)  of  Appendix  A: 


:<4  * 74 


-All  * ?34A2  * V‘3  + ?34A4 


( H- 1 4 ) 


U_Q 


■MMM 


II.  FORCE  AND  M0M5KT  EQUILIBRIA  Q?  GSA3  AITD  Pi:.' I ON  SET  .TO.  3 


Figure  2-2  gives  a schematic  free  body  diagram  of  the  gear  and  pin- 
ion combination  no.  3.  Mesh  no.  2 is  also  indicated  to  obtain  the 
directions  of  the  forces  of  gear  no.  2 on  pinion  no.  3*  The 
forces  of  pinion  no.  4 on  gear  no.  3 are  opposite  to  those 
given  by  equations  (2-3)  and  (2-4)  respectively.  Thus,  the 
contact  force  becomes: 


*£23 


3 Jr) : p 

C-J  .Me 


( H-23 ) 


The  oivot  reactions  F^,  ^ and  F^^  as  '.veil  as  the  associated  friction 


;orces  are 


drawn  in  a separate  diagram  in  Figure  K-2.  As  was 


the  case  earlier,  the  friction  moment  due  to  the  friction  forces 
again  ooooses  rotation. 


The  centrifugal  force,  due  to  the  mass  of  the  ccmbinec 


gear  and  pinion  no.  3>  is  given  by: 


Qu  = 


Gy  ( cos  y~: 

J s 


Q-i  vn  v n \ 

s-^n  / ..  j / 
J 


Cl-2  4) 


v/nere 


•K.-.m-.W 

3 d 


Ci-25) 


force  equilibrium  of  the  combination  is  given  b; 


• F , n - /<s..  ,Fr)h.  . + FP  , 
3a  a 3 d--  i.a3  O 


Ha2  + /*s22?23n::A2  + W + "W 


+ F ,j  - f*F„,j  + Q* 
yd  -vd  d 


(Ii-26) 


13 


Figure  H-3  gives  the  free  body  diagram  of  the  gear  and  pinion 
combination  no.  2.  In  addition,  mesh  no.  1 is  indicated  to  obtain 
the  directions  of  the  forces  of  gear  no.  1 on  pinion  no.  2. 

The  forces  of  pinion  no.  3 ori  Gear  no*  2 have  directions 
opposite  to  those  given  by  equation  (H-22)  and  (H-23)  respectively. 
Thus,  the  normal  force  is  given  by: 


i 


A 2 


The  friction  force  of  pinion  no.  3 on  gear  no.  2 becomes: 


?f32  “ “ ,lS2HF23nNA 2 (n-4-) 


The  contact  force  of  gear  no.  1 on  pinion  no.  2 is  given  by: 


M2  = ?12nAl 


while  the  associated  friction  force  of  gear  no.  1 on  pinion  no.  2 
becomes : 


H-18 


Rotat i on 


Gear  N Pinion  no 


Rotat ion 


Gear  no.  1 


PR  FT.  BODY  r>T  Mi  RAM  OF  CHAR  N PIN  FUN  NO.  2 
MFSII  NO.  2:  ROUND  ON  ROUND 


MF.SU  NO.  1 : ROl’N’l)  ON  ROUND 


(H-44) 


Foment  equilibrium  must  satisfy: 


-fip 


U2j 


2(Fx2  + fyZ^  + [aG2HG2  + ^xz]  x [~?Z3^xZ  ~ 'iS2RF23^ 

+ [apln?1  - '’?1nA1]  x [F]2nA1  + /isi  ^F1 2n:T  Al]  = 0 (H-43) 

Equation  (K-47)  gives  the  following  component  expressions: 


?^cos\^  + 'lS2pF23SinA'2  + F^cos,^ 


+ Q2cos-/2  + F::2  - A*Fy2  = 0 


?tSlR*  12s~nAl 


(H-49) 


and 


■?23sinA2  “ ,us2RF23cos  a2  + F123anA1  + ms^pF^2cos,\^ 


+ G-2sinY2  + Fy2  + ,lFx2  = 0 


(H-50) 


H-2 1 


z 


The  scalar  form  of  the  noment  equation  (H-43)  becomes: 


+ ?y2) 

“ M S2Hp32F23  + 

mS1 RPP1 F1 2 = 


+ aG2F23Lsin(<^2  ‘ SG2  “ A2}  " MS2RC03(^2  ’ 
aP1F12  Esin^1  + 5pi  ■ + MSlpcos(^1  + 8 

0 (H- 


Simultaneous  solution  of  equations  (H-49)  and  ( 11-50)  for  F.,2 
and  ?v2  leads  to: 

F”2  = ~~2.  {*"23  E1  + ^32p)COSA2  " ^ s2p  _ OsinA2l 

+ F 1 2 E ^ 3 1 P “ Osin.Vj  - (1  + M2s1p)cosA1~] 

+ Op  pcosy^  - MSinv2~! 


and 


2~  | F2 3 R 1 + '‘2S2p)sinA2  " 1 " s2p)cosA2  J 


+ ?12  E (i_  sip)cos  A 1~  (1  + /«2s1R)3inA1  J 


+ G->  [^cos-^  - sin/ 


-2 


2 J 


(K-: 


22 


The  sum  of  F^  and  F 2 of  equation  (11-50  is  now  made  up  of 
equations  (H-52)  and  (H-53)  in  the  sense  of  equation  (A-3b)  of 
Appendix  A: 


• o + F o 
x2  y2 


r23A11  + ?12A12  + 9'2A13  + ?23A14  + ?12A15 


+ Q_,A 


20  6 


(H-54) 


where 


(1  + m Sp^) cosAp  - ^(Spo  ~ OsinA- 


1 + m 


(H-55) 


m(s^  - OsinA1  - (1  + m s^)cosa1 

1 + m2 


(H-5b) 


— c o ^ **  ^ sin  / p 

i + /‘2 


(II- 57) 


(1  + /^Sp.JsinAp  - /‘(I  - s2  )cosa2 


(H-58) 


l(1  — 3 1 ^ ) C O S A j — (1  + M 3 -j  p ) si n .j 


i + /* 


(K-59) 


H-23 


1 


Equation  (H-54)  is  now  substituted  into  the  moment  equation  ( II— 3 1 ) . 


The  resulting  expression  is  then  solved  for  the  contact  force 


C7  “ A1 3 + A1 6^ 


IV 


FC3C2  AND  FOMENT  EQUILIBRIA  CF  INPUT  GEAR  VO.  1 


Figure  H-4  represents  the  free  body  diagram  of  the  input 
gear  no.  1 which  has  the  input  moment  Hi  act  ins;  on  it. 

The  forces  of  pinion  no.  2 on  gear  no.  1 are  given  according 
to  equations  (H-43)  and  (K-44): 


17 

*21 


12nAl 


(H-62) 


and 


/i  s 


ipr  1 2n:i  a i 


(H-63) 


The  moments  due  to  the  friction  forces  on  the  pivot  oppose 
rotation  as  indicated. 

The  centrifugal  force,  due  to  the  mass  of  gear  no.  1,  is 
given  by: 


where 


*1 


v 

-1 


(K-65) 


Ji-25 


Force  equilibrium  requires,  that: 


12  -\1 


n . i ms, 


1HF12nNAl  + + ‘xl1  + M 11  y 1 1 + -yH 


" M*xlJ 


0 


(H-66) 


Moment  equilibrium  is  given  by: 


M"l(Fx1  + Fyl)k 


M,„k  + i,n„,  + pQlnA1]  x 


in 


L 3 1 G 1 


[- 


r12nAl  " MS1RF12nMAlJ 


0 


( K-67 ) 


Equation  ( II— 66 ) furnishes  the  following  component  equations: 


™ ^ 1 2 C © ^ A ] "P  M ^ j ^ 2 n A-|  + Q ^ "P  * X 1 M * y | ~ 0 ( S3  ) 

and 

^sinA,  “ /lSnFi2C0SA1  ** y 1 ~ p x 1 ~ ^ ( tl—  '9 ) 


The  scalar  form  of  equation  (H-67)  becomes: 


A 


19 


(1  - A Sj-JsiriAj  + 1 + s1,,)cos^1 


(H-7 


A20 


(H-7' 


Equation  (H-73)  is  now  substituted  into  equation  (K-70)  and  the 
result  is  solved  for  the  contact  foi'ce  , : 


l.n 


12 


^1^9 


'10 


(H-7: 


where 


ftP1 ( A1  3 + A20} 


10 


!<■  P 


i^Ai7  + Ai9)  + aaiLr3in(^i  + 8gi  M 


- * i ) 1 “ 'lSn 


o ' r.  1 


,cos  (</>.  + 8r, 


b.  CASS  NO.  2:  HR. 


Sines  only  mesh  1 is  now  assumed  to  be  in  the  round  on  flat 
phase  of  motion,  the  forces  and  remain  as  given  by 

equations  CH— 19)  and  (H-40)  respectively. 


Figure  H-5  shows  the  free  body  diagram  of  the  gear  and  pinion 
set  with  the  necessary  portions  of  mesh  no.  1 . 

The  forces  of  pinion  no.  3 on  gear  no.  2 are  given  by 
equations  ( H— if  1 ) and  (K-42),  i.e.: 


ana 


(H-S2) 


The  contact  force  of  gear  no.  1 on  pinion  no.  2 is  now  given  by: 


F12F  “ ?12FnNF1  (H-34) 

(Note  that  the  additional  subscript  ? is  introduced  to  distinguish 
round  on  flat  from  round  on  round  contact.) 

The  associated  friction  force  is  given  by: 


'lS1F712?nF1 


( H— 85) 


(See  equation  (H-2)  for  s^r.) 

The  pivot  reactions,  together  with  the  pivot  friction  forces, 
are  shown  in  a separate  diagram  in  Figure  H-5-  As  before, 
the  pivot  friction  moments  oppose  rotation. 

The  centrifugal  force  is  again  given  by  equations  (K-45) 
and  (H-46). 

Force  equilibrium  is  given  by: 


I 


The  scalar  form  of  the  moment  equation  (11-87)  becomes 


The  sum  (F^  + F^)  of  equation  (H-90)  is  now  made  up  of  equations 
(H-91)  and  (K-92)  in  the  sense  of  equation  (A-3b)  of  Appendix  A: 


F„->  + F -> 

AC  Jd. 


?23A21  + F12FA22  + °'2A23  + ?23A24  + F12FA25 


^2A26 


(H-93) 


v ( 1 - + (1  + s?_,)cosx 

A 1 + m2 


(H-94) 


.--22 


( 1 - m s,p)3in(^1  - «p1)  - m(  1 + S-|  p) cos ( <('  1 - «p1  ) 


1 + a*- 


(H-95) 


A 


23 


/i  si  nv,  + cosy. 


1 + M- 


( K— 96) 


"24 


( 1 + c 32p)3in,\2  ~ ai(1  - Sp.,)cosx2 

- - 


(H-97) 


l25 


“(1  + s1p)sin(^1  - -»p1 ) + s]V 


1 )cos(^  - «pl  ) 


1 + 


(H-9S) 


H-36 
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The  moments  due  to  the  pivot  friction  forces  oppose  the  indicated 

rotation  due  to  the  moment  M.  . 

m 

The  centrifugal  force  has  been  defined  by  equations  (11-64)' 
and  ( 11—65 ) - 

The  force  equilibrium  equation  is  given  by: 


The  moment  equilibrium  equation  becomes: 


+ mp1(Fx1  + Fy1)k  + [aG1nG1  + pG1nNFl1X  L“712FnNF1  “ mS1  FF1 2FnFl] 


m 


0 


(H-104) 


Equation  (K-103)  furnishes  the  following  component  expressions: 


12F 


sin(^  - «pl)  - ms1?F12fcos(^  - «pl)  + Q,  + Fxl  + ^y] 


0 


(H-105) 
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1 2FC03^  ^ 1 


aFl} 


- '‘sl?F12F3in('Sl  - "?!>  + Fyl  ‘ 'Fxl 


0 


(H-106) 


The  scalar  form  of  the  moment  equation  (H-104)  becomes: 


‘‘in  + ftP1(?x1  + FyP  + ,t31FpGl?12F  + aG1  F12?["CCS(<^1  + SG1  *1  + “pP 


+ Ms1?sin(0,  + SGi  - + «pl)]  = 0 


(11-107) 


Simultaneous  solution  of  equations  (H-105)  and  (H-106)  for  Fx1 


and  Fy^ furnishes: 


*x1 


?12F[-(1  + /*2s1?)sin(fA1  -«P1)  + ^(s1F  - 1)cos(^1  - <rpl)J 

1 + r* 

(H-103) 


- Qi 


H-40 


4 


Equation  (H-110)  is  now  substituted  into  the  moment  equation  (:I-107). 
This  furnishes: 


(H-115) 


where 


III.  MOMENT  INPUT-OUTPUT  RELATIONSHIP 


Equations  (K-IOO)  and  (H-115),  which  are  both  expressions 
in  ar9  now  set  equal  to  each  other  and  the  result  is  solved 

for  ?2.y 


-C, 


‘23 


C1 1 C1 5 


(M.  - Q.C, , ) 

'in  ’•I  1 a' 


+ 0o 
'2 


'12 


'1  1 


(H-116) 


The  above  expression  is  now  equated  to  equation  (H-40)  and  solved 
for  F-,,  : 


c.  CASE  ::o.  3:  RFF 


V/ith  both  meshes  no.  1 and  no.  2 in  the  round  on  flat  phase 
of  motion,  only  force  of  the  round  on  round  phase  can  be 

incorporated  for  the  present  case.  The  equilibrium  equations 
for  gear  and  pinion  set  no.  3»  Sear  anc*  pinion  set  no.  2 and  the 
input  gear  no.  1 must  be  newly  derived. 


I. 


FORCE  AID  MOMENT  EQUILIBRIA  OF  GEAR  AID  PINION  SET  NO.  3 


Figure  H-7  shows  the  free  body  diagram  of  gear  and  pinion 
set  no.  3,  together  v/ith  the  necessary  outline  of  mesh  no.  2. 

The  forces  of  pinion  no.  4 on  gear  no.  3 are  given  by 
equations  (K-20)  and  (H-21): 


*'34n\3 


(H-119) 


and 


/IS 


3Rr34 


( H- 1 20 ) 


II- 4 4 


The  normal  contact  force  of  gear  no.  2 on  pinion  no.  3 is  given  by 


(H-121) 


The  associated  friction  force  is  given  by: 


2 O T 


f23F 


n s- 


(H-122) 


The  pivot  friction  forces  are  chosen  such  that  the  resulting 
friction  moments  oppose  the  indicated  rotation.  The  centrifugal 
force  is  that  of  equations  (11-24)  and  (H-2 5). 

Force  equilibrium  is  given  by: 


• _ n 

54  ^3 


/‘S-,-?,.  n.„  - 
p4  i'A. 


V *1  + II  <5  V + 0 

^23F  :.'F2  MS2F  23FnF2  ^3 


+ i-31  * ,‘Fy3i  * ?»3J  - «,}>  - 0 


(H-123) 


Moment  equilibrium  about  ncint  0^  is  given  by: 


'*p3(?x3  + Fy3)k  + [aG3S33  + pG3nA3l  x C“734nA3  “ pS3R?34nNA3J 


+ g2n?2  x F23f  = 0 


(H-124) 


H— 4 c 


The  scalar  form  of  the  moment  equation  (.;-124)  becomes: 


Simultaneous  solution  of  equations  (H-1 25)  and  (H-126)  for  F 


and  leads  to: 


~'+"  '"a  |F34[(1  “ M2a3H)coax3  - *(1  + s-R)sinA3] 


+ F23F[>K 1 + s2F)cos(^2  + -»p2)  - (1  - M2s2?)sin(  v!'2+«p2) 


+ Q^Msiny^  - cosy^^j  | 


(H-1 28) 


7772  - ^SjjJsinAj  ♦ ,<1  + s3a)cos*j] 


+ F2,7[C1  - ,2s2F)cos(^2  + «p2)  - m(1  + s2F)sinU2+«p2)J 


- QJsiny,  + /‘cosy-,-!  !• 

'7L  2 ;J  j 


(H-1 29) 


The  sum  F ? + F of  equation  (H-1 27)  is  now  made  up  of 
-O  y b 

equations  (H-123)  ana  (H-129)  in  the  sense  of  equation  (A- 3b) 


x3  *y3  = ?34a31  + F23FA32  + Q3A33  + ?34A34  + F23FA35  + G-3Aj 


(H-130) 


H-43 


'.v  here 


(1  - M 3„)C03A.  - m(  1 + S-,0)sinA-. 

^ ^ 2. 

1 + n 


-m(1  + s2p)cos( -Ap  + «p2)  - (1  - m s2_,)sin(^2  + "p2) 


1 + m 


(H-1 31 ) 


(H-132) 


usinr,  - cos'/- 


1 + m 


(H-1 33) 


A34  = 


( 1 — m s,p)sin,u  + m(1  + s^r)cosa7 


1 + ii 


(H-1 34) 


(1  - a* ^32f)c os(^2  + " :.'2 ^ ~ ,l( 1 + sp7?)sin(<A2  + n-^ 


(H-1 35) 


sin.-, + /icosy. 


1 + 


Equation  (ii-130)  is  now  substituted  into  equation  (H-1 27)  and 


the  result  is  solved  for 

2 3 F 


H-49 


(H-1 36) 
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II.  FORCE  AND  FOMENT  SCUILIERIA  OF  C-SAR  AND  PINION  SET  NO.  2 


Figure  H-3  shows  the  free  body  diagram  of  the  gear  and  pinion 
set  no.  2. 

The  forces  of  pinion  no.  3 on  gear  no.  2 are  equal  and 
opposite  to  those  given  by  equations  (H-121)  and  (K-122),  i.e.: 


H “ V 

\?2?  23FKF2 


(H-138) 
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A f32F 


MS 


2Fr23F  F2 


( H- l 39 ) 
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The  forces  of  gear  no.  1 on  pinion  no.  2 are  those  of  equations 

(H— 34)  and  ( II— 25 ) - 

The  pivot  friction  is  accounted  for  in  the  usual  manner 
and  the  centrifugal  force  is  given  by  equation  (H-45)* 

Force  equilibrium  is  given  by: 


j23F":;F2  " “ s2F'23FnF2  + ?12F“i;Fl  + /l31FF12F^F1  + ^2  + ?x2x  " /lFy2i 


+ F 2J  + ' 


:->5i 


CI-140) 


The  scalar  form  of  the  moment  equation  (11-141)  becomes: 


-mp2(Fx2  + ?y2)  + aG2F23FLC0S^2  ' 5G2  “ *2  “ apZ) 


+ M32?Sln(s!>2  " SG2  *2  ~ "P2)]  " mS2FPG2F237  + SlFl.2F  = 


0 


( K- 1 44) 


Simultaneous  solution  of  the  component  equations  (H-142)  and  (H-143) 
for  ?x2  and  Fy2  leads  to: 


* x2 


1 + m 


2 j F23F B 1 + s2F^sin^2  + ‘*P2^  + ^S2F  " 1)cos^2  + "p2^J 


F12p[(1  - Mii31F)sin(i/'1  - «pl)  - 1 + sF)cos(^  - <*pl)l 


- Qp  jj*siny2  + cosyp 


(H-145) 


ana 


1 + ^ 


|?23'-,L/i(S2^  “ ^ ) sinC  ^2  + " p2 ) “ (1  + ^s^JcosC^  + <*  _2)j 
- + s1F)sin(  - «pl)  + (1  - m2s)F)cos(^1  - «.  1 ) J 


+ v.^2  m cos  / £ sin 
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( H-1 46) 


H-54 
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The  sun  F.r<p  + F 2 of  equation  (H-144)  is  now  raade  up  of  equations 
(H-145)  ana  (K-I46)  in  the  sense  of  equation  (A-3'o): 

rx2  + Fy2  = F23FA37  + F12FA38  + °'2A39  + F23FA40  + F12FA41  + Q2A4 2 

(H-147) 

where 
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41 


(1  + M"32v)3in( + ap2 ) + M(s2p  “ l)cos(^2  + rtp2) 


1 + m 


(1  - m s^JsinC^  - «?1  ) - n(1  + 3)r)cos(^  - <*  ) 


1 + /*' 


/<■  si  n '/p  + cos  r_ 


1 + M 
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/l^s2F  ” + “p2^  “ (1  + /*  s2?)cos(^  + «p2) 

- - - = ^ - " 


1 + M 


m(1  + slF)sin(^1  - «p1)  + (1  - /^Spjcoct^  - <*p1  ) 


1 + m 


m c 03  / * si n / 


1 + /* 


H-55 
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(H-149) 


( K-1 50) 


(H-15D 


(H-152) 


(H-153) 
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Equation  (ii-147)  is  now  substituted  into  equation  ( H- 1 44)  and  the  result 
is  solved  for  F12t;,: 


12F 


23FC19  + Q-2C20 

C2 1 


where 


C19  ' ~'tP2^A37  + A40^  + aG2ECOS^2  “ SG2  v2  '*? 2^ 


+ ps2Fsin(<A2  - SQ2  - ^ - «p2)]  - 


M32FpG2 


(H-l 54) 
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/iP2(A39  + A42) 


“,l'2(A38  + A41}  + S1 


III. FOMCE  AND  MOMENT  EQUILIBRIA  OF  INPUT  GEAR  NO 


While  the  numerical  values  of  the  force  Folr,  and  its 

d I F 

associated  friction  force  F^^v*  both  acting  on  gear  no.  1, 
are  peculiar  to  the  present  combination  of  contact  phases,  its 
functional  relationship  to  the  input  moment  K.  and  the  centrifugal 
force  Q j is  identical  to  that  derived  in  section  1fc-II  of  this 
appendix.  (See  also  Figure  K-6.) 

According  to  equation  ( H— 115),  one  obtains  for  F^pl 


"15 


(H-l 55) 


IV 


. :-:c:-:K?rr  tnput-cutput  relationship 


Equations  (N-154)  and  (H- 155)  > both  in  F^-*  are  set  equal 


to  each  other  and  the  result  is  solved  for  F 


23F* 


-gzi 

C1 5C19 


<:'in 


+ 


(H-156) 


The  above  is  now  equated  to  equation  (H-137)  and  the  result 

is  solved  for  F-,,  : 
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C1  Y\  6C 1 9 


{:'!m  - ^ici4}  - g-2 


' 1 6°E0 

'1 6g19 
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(H-157) 


Finally,  equation  (11—1 57 ) is  equated  to  equation  (11—19),  which 
corresponds  to  the  round  on  round  phase  of  mesh  no.  3»  The 
result  is  solved  for  the  equilibrant  moment  (for  case  3:  RFF): 


1 o43 


°2C 16C21 
G 1 5° 1 6C 1 9 


g G2C14G13CE1  _ . C2C13CEO  _ C2C17 
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(H-l 53) 
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d.  CASE  i:o.  U:  3F3 


For  this  contact  combination  force  Fv,  may  be  taken  from 

34 

the  results  of  case  no.  1 [see  equation  (I!-19)D>  since  mesh  no.  3 

is  in  the  round  on  round  chase  of  motion.  The  force  F0.„  of 

case  no.  3>  i.e.  equation  (H-137)«  also  is  incorporated. 

The  input-output  relationship  of  the  gear  and  pinion  combination 

no.  2 must  be  newly  derived,  i.e.  the  force  must  be  expressed 

in  terms  of  the  contact  force  F-,->-  and  the  centrifugal  force  0,, 

32  J?  J '2 

Finally,  the  results  of  the  equilibrium  equations  for  the  input 
gear  no.  1 of  case  no.  1 are  used.  For  this  case  of  contact, 
the  force  i3  given  by  equation  (11-78). 


Figure  II— 9 shows  the  free  body  diagram  of  gear  and  pinion 
set  r.c,  2 with  the  necessary  portions  of  mesh  no.  1. 

The  forces  of  pinion  no.  3 on  "ear  no.  2 were  given  oy 
equations  (it-13'3)  and  (H-l> 9): 


(H-159) 
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*32F 


r23FnNF2 


and 


* f32F 


“ m32?'2  3?nF2 


(H-160) 


The  forces  of  gear  no.  1 on  pinion  no.  2 are  given  by  equation: 


(H-43)  and  (H-44): 
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r 12n.vi 


( H- 1 6 1 ) 
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r f 1 2 
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(H-162) 


The  centrifugal  force  is  £iven  by  equation  (H-45)*  The  pivot 
reactions  and  friction  forces  are  handled  as  before. 


Force  equilibrium  is  given  by: 


F23?n::F2  ' ,l32F?23rnF2  + F 1 2nA1  + /l3l  .r  1 2n’,’Al  + C<2  + ?x21  " M'y21 


+ Fy2J  + = ° 


(H-163) 


>61 


foment  equlibrium  about  point  0^  is  given  by: 


The  scalar  form  of  the  moment  equation  (H-164)  becomes: 


" p2^x2  + + a32l'23FCCOS^2  “ 8G2  ~ v2  “ "p2^ 


+ nS-,-,3±n(<t>  0 - s 
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2 °G2  “ v2 


- ”P2>]  - 


pS2FPG2r23F  ' 'ialH',?1F12 


+ a. 


PI*  12 


jjiS1Rcos(^1  + spl  - - sin(^1  + s?1  - )J  = 


(H-167) 


Simultaneous  solution  of  the  force  component  equations  (H-l65) 
and  (H-1  66)  for  F„,2  and  results  in: 


x2  ' 1 + m2 


[p^pl  + ^2s2Tr)sin(^2  + «»?2)  - m(1  - s2F)cos(<A2  + «p2 
F 1 2 ( S1 R “ 1 ^ si-A,  - (1  + ^‘~s]  p)cosA1  ] 


- fi2[»sin;-2  * cosy.,]! 


( H— 1 68 ) 
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• o = m )F23m[it(s2v  " Osin(*2  + <»p2)  - O + M2s2p)cosU2  + « 

J 1 + M4*  ( L**/‘ 

+ Fj2[-(1  + /l2s1p)sinA1  + /i(1  - s^Jcoga^ 


P2 


+ G-2  L"Giny2  + pcosy2  1 


(H-i 69) 


H-o3 


The  sun  F„2  + Fp2  of  equation(H-l 67)  is  now  made  up  of  equations 
(K-l 68)  and  (H-l 69)  in  the  usual  manner: 


?x2  + Fy2  = ?23FA43  + ?12A44  + 92A45  + ?23FA46  + ?12A47  + 92A43 

(H-170) 
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-(1  + ^ s^JsinAj  + **(1  - Sp^cosAj 
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sinyP  + mcosv-, 


(H-171) 


(K-172) 


(H-l 73) 


(H-l 74) 


(K-175) 


(H-l 76) 


Equation  (11-170)  is  now  substituted  into  the  moment  equation  (H-167) 


and  the  result  is  solved  for  F^p: 


- F23FC22  * °-2C 


2 23 


where 


C22  “ -,xp2(A43  + A46^  + aG2Ccos(</>2  " SG2  " ^2  “ “?2^ 
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m32FPG2 
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(H-177) 


ii.  mcnent  input-output  relationship 


Equations  (K-177)  and  (H-7?)  are  now  set  equal  to  each  other 
and  the  result  is  solved  for  F-,,-,: 

Or 
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The  above  is  now  equated  to  equation  (H-137)  to  obtain  F-,,  : 
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Finally  equations  (H-179)  and  ( II— 19)  are  set  equal  to  each  other 

and  the  equilibrant  moment  M . . (For  .case  4:  RFR)  is  determined: 
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NO.  5: 


and  for  force  of  gear  no.  2 on  oinion  no.  3* 

Equation  (H-156),  derived  for  case  3,  and  which  relates 

force  Ft--,  to  the  input  moment  M.  , may  be  used  for  the  determination 
23"  in' 

of  the  final  innut-output  relationship;. 


I.  FORCE  AND  MOMENT  EQUILIBRIA  OF  PINION  NO.  L 


Figure  11-10  rives  the  free  body  diagram  of  pinion  no.  4 in 

the  round  on  flat  phase  of  motion  with  gear  no.  J>. 

The  equilibrant  ir.oi:.  r.t  M . acts  in  a clockwise  direction 

04 

and  opposes  the  counter-clockwise  rotation  of  the  pinion. 

The  normal  contact  force  F-.,  is  -iven  by: 

34." 


r34FnNF3 


(H-181) 


For  this  contact  combination  it  is  necessary  to  determine 
lew  expressions  for  the  force  F7, of  gear  no.  3 or.  pinion  no.  4, 


H-67 


The  associated  friction  force  becomes: 


/lS3Fr34TnF3 


(H-182) 


-*-e  cenv.riiU£al  force  is  given  by  equation  (H-5)  and  the 
pivot  f notion  iorces  are  chosen  such  that  they  ootiose  rotation. 
Force  equilibrium  is  given  by: 


1 _n.  m s _ _,n_.,  + F . i - u ^ i + -r  i + u7  i 

34r  ->r 3 3i'  f4-H  F ;?  x4  ' y4  ‘y4J  :c4J 


+ 0.  (cosy  i + siny,  j) 

:r  4-  4- 


(H-1 33) 


loment  equilibrium  about  point  0.  requires  that: 


'V1'*.  + F>Vk  * «55F3  x f3475::f3 


(M- 184) 


i.ote  that  the  friction  force  F^r^_,  does  not  exert  a moment  about 
point  0^,  since  its  line  of  action  passes  through  it. 

equation  (11—133)  furnishes  the  following  component  equations: 


'34FGin(^3  " "P35  + MS3FF34FC03(*3  “ "?3)  + F:<4  “ ^Fy4 


+ y . cosy,  - o 
4 4 u 


(E-185) 


H-c9 


0 


(K-136) 


+ ^3iny4  = 


The  scalar  form  of  the  moment  equation  (H-134)  becomes: 


y4 


) + 


Dy  34F 


( 


Simultaneous  solution  of  equations  ( 11—1  -33)  and  (K-136)  for  F„ 

A. 

and  F results  in: 

74 

O I 


and 


i 

i + 


3^tr)sin(ii-, 


or  _ _ 

P3 


\ 

J 


(1  - /‘2s,„)c 

3S 


+ 


n 


r 


-smy. 


+ 


M C 03 


( 


H-187) 


4 


os(  <P 

J 

H-1S9) 


Equation  (E-I^O)  is  now  substituted  into  equation  ( II—  1 37 ) the 


where 


MVA50  + A5 2) 


(L 

' ’O 


"3  " MP4^‘l49  + A5i^ 


— 
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ii.  tonne  and  non ent  equilibria  of  gear  and  pi:; ion  set  no.  3 


Figure  11-11  gives  the  free  body  diagram  of  gear  and  pinion 
combination  no.  3»  Both  mesh  3 and  mesh  2 are  in  their  round 
on  flat  phase  of  contact. 

The  forces  of  pinion  4 on  gear  3 are  equal  to,  but  opposite 
in  direction  to  those  given  by  equations  ( H— 1 8 1 ) and  (H-182): 


43*  ^4*  >«F3 


(H-196) 


and 


pi  7— t — ^^7- 1.'  z/  — tU— ,7 

f43*  3i*  34r  --3 


(H-1 97) 


The  forces  of  gear  2 on  pinion  3 are  given  by 


23E 


and 


r23FnNF2 


2r  23r 


H-73 


(H-1 98) 


(H-1 99) 


r-  ’ 


The  pivot  forces  and  moments  are  chosen  in  the  usual  manner  and 
the  centrifugal  force  is  defined  by  equation  (H-24). 

Force  equilibrium  is  given  by: 


■?34?n:rF3  ■ MS3F?34FnF3  “ F23FnNF2  + MS2FF23FnF2  + % + ?x3± 


+ MFy3i  + Fy3j  - "FX3J 


Moment  equilibrium  about  point  0-  requires  that 


(H-200) 


‘ * x3  + ry3)iC  + [ac-3n 33  + pG3n:rF3l  " C“?34Fn::F3  " MS3FF34FnF3^ 


+ S2HF2  x (-)f25fB:;f2 


(H-201 ) 


Mote  that  the  friction  force  F--,--,  does  not  exert  a moment  about 

* O * 

point  Qy 

Equation  (H-200)  furnishes,  after  all  necessary  substitutions, 
the  following  component  equations: 


F34F sin(*3  ' aP3)  “ "33FF34 Fcos(*3  ' aP3}  + G'3cosr3  + Fx3  + "Fy3 

+ F 23j3in(  ^2  + n^2?  + f*32FF23VCOG^2  + "?2^  = 0 (H-202) 


K-75 


34Fcos^3  **  rtP3^  ” ^33F*"34Fsin^3  “ rt?3^  + °-3s;Lny3  + *Hy3  “ 


23F 


cos(^2  + rtp  2)  + ,iSz?^2  ^vsin^2  + “?2^  = 


x: 


= 0 (H-203) 


Ths  scalar  form  of  the  moment  equation  (H-201)  becomes: 


','3(?X3  + ?y3>  + aa3F34F[-cos^3  * *G3  * *3  + "p 3) 


* ns-^sinU,  + 83j  - t,  + “Fj)J  + 


_ £T  V 


/iS3?PG3i34F  52*  23: 


= 0 


(H-204) 


Simultaneous  solution  of  the  component  equations  (K-202)  and  (K-2D3 

for  F - and  F -?  mives: 
xj>  73 


Fk3  = 


2 | F34-Q0  + /‘23^)sinU-  - <»p^)  + - 1)cos(^  - 


‘23 


- l)sin(^2  + ,rp2^  “ + s2y^cos^,'2  + rt 


0,  (7‘siny,  - cosy 


(H-205) 


( H-2 1 1 ) 


f(s3?  ~ l)sin(^  - «p^)  + (1  + m s?7)co3(^  - «p^)  j 

1 + m 


l57 


-/*(! 


3n^)  sin(  <!* P + 
cr 


P2 


) + (1  - /i  32f)cos(^2  + «p2) 


( H-2 1 2 ) 


siav,  + m cosy, 

2 j — “ 


1 


(H-21 3) 


Equation  (H-207)  is  now  substituted  into  equation  (H-204). 
The  result  is  solved  for 


34F C27 


3'3C23 


(H-21 4) 


Ill 


MOMENT  INPUT-OUTPUT  RELATIONSHIP 


Equation  (H-156)  is  an  expression  for  F2^p  as  a functi°n 

of  the  moment  and  the  centrifugal  forces  and  Q2,  when 

both  meshes  no.  1 and  no.  2 are  in  the  round  on  flat  phase  of 

motion.  This  expression  for  F2^p  now  equated  to  equation  (H-214). 

The  result  is  solved  for  F,, 

34F 


C21C29  r. 

'“'in 

1 5°1 9C27 


S'1C14) 


Q2 


C20C29 

C19C27 


C27 


(H-215) 


The  above  is  now  equated  to  equation  (H-195)  and  the 
expression  is  used  to  determine  the  equilibrant  mome 
(for  Case  p:  FFF) : 


resulting 


nt 


/:o45 


'045 


n n n 

U2 1^26  29 
n r r 

1 5^19  27 


C14C21C26G29 

C15C19C27 


G-2 


C 


20C26C29 
G 1 9C27 


0 p rC  p n 
ry  <—  O O 

-.3— - V-4C25 

°27 


(H-216) 
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f.  CASS  NO.  6:  FFR 


"GHENT 


INPUT-OUTPUT  RELATIONSHIP 


The  moment  input-output  relationship  for  this  contact 

combination  can  be  assembled  entirely  from  previously  derived 

component  relationships.  As  for  case  no.  4,  mesh  no.  1 is  in  the 

round  on  round  phase  while  mesh  no.  2 is  in  the  round  on  flat 

phase.  Therefore,  equation  ( H— 178),  which  relates  the  force 

to  the  incut  moment  M.  , may  be  used.  The  incut-output  relationship 

in' 

of  the  pear  and  pinion  set  no.  3,  i.e.  the  relationship  between 

the  forces  F-^v  and  is  siven  by  equation  (H-214)  of  case  no.  5. 

The  force  F-^p  may  be  obtained  from  equation  (H-195)«  This 

expression  was  also  derived  for  a round  on  flat  contact  in  case  no.  5* 

Thus,  equation  (H-173)  is  first  set  equal  to  equation  (H-214) 

and  the  result  is  solved  for  the  force  F-, 

d4F 

34F 


K-80 


'24v29 


’ 1CT  22^27 


(:!in  “ Q1C9}  " Q2 


n n 

°23"29 
^22°2 7 


- Q 


3 


(H-217) 


The  above  expression  is  now  set  equal  to  equation  (K-195) 


This  then  allows  the  determination  of  the  equili’orant  moment 
MQ, g for  the  present  contact  combination. 


„ G24G26G29 

ri  * 

-*-l*  r*  r% 

°1(T22U27 


C9C24C26C29 

C10C22C27 


„ G23G26G29 



C22C27 


C26C23 


‘ Q4C25 


(H-218) 
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CASS  NO.  7:  FR5 


For  the  present  contact  combination  the  expression  for 

force  F-^  may  be  taken  over  from  equation  (11-195)  of  case  no.  5» 

The  input-output  relationship  of  gear  and  pinion  set  no.  3»  which 

relates  the  forces  F-^v  and  must  he  newly  derived.  The 

relationshin  between  force  F0-,  and  the  input  moment  M.  is 

23  in 

taken  from  case  no.  1 in  the  form  of  equation  (K-79). 


I.  F05C3  Aim  MOMSITT  EQUILIBRIA  of  gear  and  piuion  SET  NO.  5 


Figure  H-12  gives  the  free  body  diagram  of  gear  and  pinion 
set  no.  3«  Mesh  no.  3 is  in  the  round  on  flat  phase  of  contact, 
while  mesh  no.  2 is  in  the  round  on  round  one. 

The  forces  of  pinion  no.  4 on  gear  no.  3 are  equal  to,  but 
opposite  in  direction  to  those  given  by  equations  ( H— 1 8 1 ) and 
(H-132): 


F43F  " “ ?34FnN?3 


(H-21 9) 


• - — — * ' — ■ 


K-8  2 


a. 


ana 


J>r  34F  r 3 


(H-220) 


The  forces  of  gear  no.  2 on  pinion  no.  3 are  given  by: 


F23  " F23nA2 

and 

Ff23  = /iS2RF23nIU2 


(H-221  ) 


(H -222) 


The  pivot  reactions  are  chosen  in  the  same  manner  as  before. 
The  centrifugal  force  was  defined  by  equation  (H-24). 
Force  equilibrium  of  the  gear  set  requires: 


l1-  O ? i 


,n_ 


23  A2 


ms- 


2Rx'23nNA2 


Q, 


+ 


+ 


0 


(H-225) 


H-84 


Moment  equilibrium  about  point  07  is  given  by; 


mP3(Fx3  + Fy3)k  + [aG3nG3  + pG3nNF3J  x [_F34Fni:F3  ” p33FF34Fn; 


+ [a?2n?2  " PP2nA2]  X [?23nA2  + 'i322F23n”A2^  ' 0 


(! 


Equation  (H-223)  gives  the  following  component  expressions: 


F34Fsin(f3  “ "P3}  ‘ M 


l83FF34Fcoa(*3  ’ aF3)  + Vosy3  + Fx3  + 


+ F^cosA-,  - ^s2RF23SinA2 


= 0 


(1 


and 


-?34Fc°s(^3 


ms 


3?1  34F 


3in( 


+ 


Q,siny 

0 


+ 


?3] 

■1-224) 


■y3 

1-225) 


+ F0ZsinA0  + ms0_,?0-.  cosa. 


0 


(H-226) 


The  scalar  fora  of  the  moment  equation  (11-224)  becomes: 


',p3(?x3  + ?y3>  * aG3F34F['cos<,>3  + SG3  " *3  * "p3> 


+ f=3rsin(i'3  + iG3  - ii,  t »p3iJ  + 


G3'34F 


ap2F23L"sln^2  “ S?2  " A2^  + flS?3cos^2  - SP2  “ *2)~] 


MS2P/P2?23  = 0 


Simultaneous  solution  of  the  component  equations  (H-225) 


:or  Tx}  and  ? results  in: 


r>:3 


TT7{73wtn 


+ Mt_s,v)sin(  ^ . -«_,)  + /‘(s,-, 


‘23 


Ql(1  + s2-j)sin,\,  + - 1)cos,\^J 

+ |7‘siny.  - cos'/-]  j 


H-86 


«-  * - - 


(H-227) 


and  (H-226) 


1 ) cos( - rtP3^ 


(H-228) 


and 


1 


y3 


= —'7  {?34f[m(s3F  " 1)sin(*3  " <tP3)  + (1  + '‘2s3F)cos^3  - “p3)] 


+ F23  “ UsinA2  - /*(1  + cosa^  J 

+ £-siny,  - Mcosy^jj  (H-229) 


The  sum  F - + F - in  equation  (H-227)  is  now  made  ur»  from 
-O  J 2 


equations  (H-22 8)  and  (H-229)  in  the  sense  of  equation  (A-3h): 


F„-7  + F,-  = F7,  -,Ar0  + F-,tA^a  + 0ZA^.  + F7,  „A/-o  + F-3-,A/-7  + G^A,-, 

yA  34*  59  23  oO  5 ol  34*  62  2^>  63  3 64 

(K-230) 


where 


59 


-(1  + m s^F)sin(  ^ - «p^)  + n(s--.  - l)cos(^  - ftp^) 


1 + /* 


(H-231 ) 


60 


1 + s22)sinx2  + 0l  s2-3  - 1 )cosa. 


1 + M 


(H-232) 


l6l 


/isiny^  - cosy^ 


1 + /i- 


(H-233) 


H-37 


- « - * - - 


a62 


- 1 )sin(  - nr  p^)  + (1  + M S^7)C0s(^  - orp^) 


1 + M 


(H-234) 


A63 


( *u  * 1 ) sirU2  “*  m O cos A 2 

i + ? 


(H-235) 


l6  4 


sin 7,  - /icosy, 

2 — 2- 


1 + m 


(H-236) 


Equation  (H-230)  is  now  substituted  into  the  moment  equation  (H-227) 
and  the  resulting  expression  is  solved  for 


f23  ' 


P34FC30  " q3C31 
c32 


(H-237) 


where 


c30  = l‘p3U59  + A62>  - aG3E°3(,>3  * *G3  ■ *i  * "?3> 

- -33f3 in(*3  + 83j  - , * ”pj)]  + '1S3FPG3 

c3!  = MP3(A6l  + 'W 


!>38 


c32  - MP3(A60  + A63}  " aP2Csin('i2  • 8P 2 " a2}  “ '‘W08^  - 8p2  “ *2> 


'US2RPP2 


ii.  :-;c:-:SNT  ii.put-output  relationship 


Equation  (H-79),  which  gives  the  force  in  terms  of  M.  . 

2^  in* 

and  Q2  -or  the  appropriate  contact  combinations,  is  now  set 
equal  to  equation  (H-2 37).  Subsequently,  one  finds  the 
following  formulation  for 


'3°32 


10^30 


^7^-0  C~. 

( ' • _ p , r>  ^ _ i'l  / i1-  n d l 

"in  u-2— 7 Q37 

u6°30  c30 


(H-238) 


The  above  expression  is  now  set  equal  to  equation  (H-195)  which 
gives  in  terms  of  and  . The  determination  of  the 

equilibrant  moment  M (for  case  7:  FRR)  is  now  possible. 
Thus, 


H-39 


C8C26C32 

CSC10C30 


c n r ~ 
CS^9^26^32 


f~*  r%  r* 

w&^10^30 


C7C26C32 

C6C30 


o 28^31 
h3“7 


°-4C25 


(H-239) 
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h.  CASS  NO.  8:  FRF 


MOMENT  INPUT-OUTPUT  RELATIONSHIP 


The  input-output  relationship  for  this  contact  combination 

can  also  be  assembled  entirely  from  existing  expressions.  With 

mesh  no.  2 in  the  round  on  round  phase  of  contact  and  mesh  no.  1 

in  the  round  on  flat  one,  the  relationship  between  force 

and  the  moment  M.  is  that  of  case  no.  2.  Equation  ( H— 116)  is 

applicable.  The  input-output  relationship  of  gear  and  pinion 

set  no.  3,  which  relates  F,,  „ to  Fp~,  was  derived  for  case  no.  7 

and  is  given  by  equation  (H-237).  Finally,  with  mesh  no.  3 in 

the  round  on  flat  phase,  one  uses  equation  ( H-1 95)  for  the 

relationship  between  force  F- , „ and  moment  M , . 

34F  o4 

Thus,  equation  (11-116)  is  first  set  equal  to  equation  (H-237) 

to  obtain  an  exores  ion  for  force  Fz,  : 

34 -£■ 


c13c32 

r»  r%  r* 

wi l °1 5^30 


°-1C14)  “ G-2 


:1 1c30 


r* 


(11-240) 


H-9 1 


The  above  expression  is  now  set  equal  to  equation  ( H— 195).  This 


allows  the  determination  of  M ,0  (for  case  8: 

o4o 


FRF) : 


*-‘o48 


ci5g26c3a 
C1 1C15C30 


n r*  n r* 

U13  14^26  32 
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1 r»  r»  n 

U1 1"15"30 
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C12C26C32 
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^11^30 


- ^ 


"26^31 


9-IiC?R 


(H-24D 


2.  INPUT-OUTPUT  ANALYSIS  OF  TWO  STEP-UP  GEAR  TRAIN 


The  following  gives  derivations  for  the  moment  input-output 
relationships  associated  with  the  four  possible  possible  contact 
combinations  of  a two  step-up  gear  train.  (See  Table  H-2). 


moment  H acts  in  the  direction  onoosite  to  the  clockv/ise 
oj> 

rotation  of  the  pinion.  The  normal  contact  force  of  rear  no.  2 
on  pinion  no.  3 is  riven  by: 


F23nA2 


The  associated  friction  force  becomes: 


01-242) 


f23 


MS2RF23nNA2 


(H-243) 


The  t>ivot  reactions  are  chosen  in  the  usual  manner. 


The  centrifugal  force  Q-.-  is  now  due  to  the  mass  m,^  of 

'i>P  3? 


the  pinion  alone,  i.e. 


Ci3?  = + sinyzj) 


(H-244) 


where 


01-245) 


Force  equilibrium  of  the  pinion  is  assured  by: 


23nA2  + M32R?23nIlA 2 + Fx31  + '*Fy31  + ?y3^  “ mFx3^  + °'3?  = 0 


(H-246) 


Moment  equilibrium  about  point  0,  is  given  by: 


/tp3(?x3  + Fy3)K  + Mo3k  + [a.-2n?2  " p?2nA2l  X [F23nA2  + MS2RF23n:.TA2  ] 


(H-247) 


Equation  (H-246)  gives  the  following  component  expressions: 


r 23C°3A2  ” ^^2R*23°aa^2  *x3  + Mry3  0 


H-96 


(H-243) 


F23sinA2  + fl32RF23c°3A2  + Fy3  “ 'lFx3  + G-3Psinv3  = 0 (H-249) 


The  scalar  form  of  the  moment  equation  (H-247)  becomes: 


I 


The  sum  Fx^  + F - of  equation  (K-250)  is  now  made  up  from 
equations  (H-251)  and  (K-252)  in  the  sense  of  equation  (A-3k): 


p _ + c1 

x3  *y3 


= F23A65  + %PA66  + F23A67  + Q3PA63 


(H-253) 


v/here 


A 


65 


m(1  + s2:,)sinA2  + (m  s2t?  - 1 ) cos,\p 

2 


1 + 


(K-254) 


66 


MSin  - cos 

1 + 


(H-255) 


"67 


(mS2;?-  1)sinA2  - m(1  + s^p)cosAp 

- — 

1 + 


(H-256) 


A^o  — 
oO 


- siny,  - mcosv- 

— tVt- 


(K-257) 


Equation  ( 11—253 ) is  now  substituted  into  the  moment  equation  (’1-250) 
and  the  result  is  solved  for  F2~: 


“ Mo3  " Q3P°33 


(H-258) 


11-98 
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b.  CA3S  NO.  2:  HF 


MOMENT  INPUT-OUTPUT  RELATIONS:-. IP 


The  mordent  equation  for  the  present  case,  in  which  mesh 

no.  1 is  in  the  round  on  flat  phase  and  mesh  no.  2 in  the  round 

on  round  one,  may  be  derived  entirely  from  existing  relationships. 

Equation  (11-116)  gives  an  expression  for  the  force  7^  in  terms 

of  the  innut  moment  M.  ana  the  centrifugal  forces  0,  and  Q_ 

in  '12 

for  the  present  combination  of  contacts  in  both  meshes.  When  this 

expression,  from  case  no.  2 of  the  three  step-up  gear  train,  is 

set  equal  to  equation  (H-259)  of  case  no.  1 of  the  two  step-up 

gear  train,  one  obtains  for  K (case  no.  2:  SF): 

0,2 


•o32 


Min  Juh.  - q.  — hliSi  . q _LLi4 

J.A.I  r>  r*  • ri  ri 

^Uu15  011°15  Ml 


Q3PC33 


(H-261  ) 
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CASE  NO.  3: 


FF 


For  this  contact  combination,  where  both  meshes  no.  1 and 

no. 2 are  in  the  round  on  flat  phase,  the  relationship  between 

the  equilibrant  moment  Kq^  and  the  normal  contact  force  FPj.p, 

both  acting  on  pinion  no.  3»  must  first  be  determined.  The 

resulting  expression  in  F-,,^  can  then  be  set  eaual  to  the 

relationship  between  and  the  input  moment  M.  , which  is 

2 j;F  in 

given  by  equation  (H-156),  and  which  was  derived  in  conjunction 
with  case  no.  3 of  the  three  step-up  pear  train. 


FORCE  AND  NOHSNT  EQUILIBRIA  OF  PINION  NO.  3 


e. 


Figure  H-14  shows  the  free  body  diagram  of  pinion  no.  3 in 
the  round  on  flat  phase  of  contact.  Again,  the  equilibrant 


moment  V.  , acts  in  a counter-clockwise  direction.  The  normal 
force  °-  5ear  no.  2 on  pinion  :\o.  3 is  given  by: 


(H-262) 


The  associated  friction  force  of  gear  no.  2 on  pinion  no.  3 
becomes: 


(H-263) 


The  pivot  reactions  and  pivot  friction  forces  are  chosen  in  the 
usual  manner.  The  centrifugal  force  Q,p  was  given  previously 
by  equation  (H-244). 

The  force  equilibrium  expression  becomes: 


23r  r.F2 


/is 


nr 


2F*23F  F2 


Fx3i 


',Fy3i 


0 


(H-264) 


Moment  equilibrium  about  point  0^  is  assured  by: 


P3(FX3  + Fy3^k  + ::o3k  + g2nF2  x ( " ) F23FnNF2  = 0 (H-265) 


As  always  before,  the  friction  force  F--,?-,  exerts  no  moment 

for 

about  point  0-. 


1 04 


component  expressions: 


Equation  (H-264)  gives  the  following 


^23FS^n^2  + rtp2^  + MS2FF23FCOS^2  + rtP2^  + rx3  + hry3  + ^3PCOS/3 


(H-266) 


and 
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*23FCOS^2  + "F2^  + ,iS2F?23FSin^2  + "f2^  + Fy3  " M?x3  + °'3PSiny3 
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(H-267) 


The  scalar  form  of  the  moment  equation  (H-2S5)  is  given  by: 


'ip3(?:<3  + Fy3}  + "o3  " 62?23F 
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(K-268) 


Simultaneous  solution  of  equations  (H-266)  and  (H-267)  for  F , 
and  F^  leads  to: 
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S2F  " ^ ) sin( ^2  + "p2)  - m( 1 + s2p)cos(f2  + n 
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^3PL'3inr3  " fxCOsy5j\ 


The  sun  Fx^  + ? of  equation  (H-263)  is  nov;  made  up  of  equations 
(H-269)  and  (H-270)  in  the  sense  of  equation  (A-3'o): 
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F23FA69  + SpA70  + F23FA71  + %PA72 


(H-271) 


v/nere 


•"69 


{n2i 


’2F 


- \ ) sin(  ^2  + ~ K 1 + s2^)  003(^2  + ap2) 

"2  " 


1 + m 


(H- 


70 


^smy,  - cos'/- 

2 2_ 


1 + n 


(H- 


A, 


71 
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Equation  (H-271  ) is  nov;  substituted  into  the  Moment  equation  (H-268), 


and  the  result  is  solved  for  F 
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Xo3  ~ Q3PC35 
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(H-276) 


where 
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mp3^a70  + A72^ 


mP3(A69  + a715 


- g; 


II.  MOMENT  INPUT-OUTPUT  RELATIONSHIP 


The  moment  input-output  relationship  for  the  present  case  is 
obtained,  as  stated  earlier,  by  setting  equation  (2-276)  equal  to 
equation  (11-156)  and  solving  the  resulting  expression  for  the 
equilibrant  moment  (case  no.  3:  FF) : 
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d.  CASE  MO.  4: 


FR 


MOMENT  INPUT-OUTPUT  RELATIONSHIP 


The  moment  input-output  relationship  for  this  case,  where 
mesh  no.  1 is  in  round  on  round  contact  while  mesh  no.  2 is  in 
the  round  on  flat  phase,  may  also  be  derived  entirely  by  assembling 
existing  relationships. 

Equation  (H-276),  of  the  orevious  section,  gives  force  F-,,- 
in  terms  of  the  eauilibrant  moment  M , when  mesh  no.  2 is  in  the 

07 

round  on  flat  phase.  Equation  (''-173),  derived  for  case  no.  4 

(RFR)  of  the  three  step-up  gear  train,  relates  this  force  F~,„ 

to  the  innut  moment  M.  . 

in 

Thus,  one  first  sets  equations  C H— 173)  and  (H-27o)  equal  to 

each  other  and  then  solves  the  result  for  M ,,  (case  4:  FR): 
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